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Abstract. We define a Chern- Simons invariant for a certain class of infinite volume hyper- 
bolic 3-manifolds. We then prove an expression relating the Bergman tau function on a cover 
of the Hurwitz space, to the lifting of the function F defined by Zograf on Teichmiiller space, 
and another holomorphic function on the cover of the Hurwitz space which we introduce. 
If the point in cover of the Hurwitz space corresponds to a Riemann surface X, then this 
function is constructed from the renormalized volume and our Chern-Simons invariant for 
the bounding 3-manifold of X given by Schottky uniformization, together with a regularized 
Polyakov integral relating determinants of Laplacians on X in the hyperbolic and singular 
flat metrics. Combining this with a result of Kokotov and Korotkin, we obtain a similar ex- 
pression for the isomonodromic tau function of Dubrovin. We also obtain a relation between 
the Chern-Simons invariant and the eta invariant of the bounding 3-manifold, with defect 
given by the phase of the Bergman tau function of X. 



1. Introduction 

Let 9Jlg be the moduli space of compact Riemann surfaces of genus g, and let T 9 be the 
corresponding Teichmiiller space of marked surfaces. Let H g ^ n (ki, . . . , kg) be the Hurwitz 
space of equivalence classes [A : X — > CP 1 ] of degree n holomorphic maps from a compact 
Riemann surface X to the Riemann sphere with ramification index (k\, . . . ,kg) at infinity, 
and all ramification points being simple. Equipping X with a marking — a choice of standard 
generators of ni(X) — gives a covering space Hg ;n (ki, . . . , kg), in the same way that one obtains 
the covering T g of Tl g . We will also be concerned with a space 7i g (ki, . . . , k m ), whose fiber 
over a point in 9Jt 9 is the space of holomorphic 1-forms on the corresponding Riemann surface 
with zeroes of order ki, ■ ■ ■ , k m , and we write H g (k\, . . . , k m ) for the corresponding fiber space 
over % g . (See Section [2] for precise definitions.) 

In [7J, Kokotov and Korotkin introduced the object tb, referred to as the Bergman tau 
function, with the property that r^ 4 is a globally well-defined holomorphic function on 
Hg tn (ki, . . . ,ki). In [10], they defined tb in the same way for H g (ki, . . . , k m ), such that 
t b 4 is a globally well-defined holomorphic function on % g (k\, . . . , kg). 

The main result of this paper is the following theorem. 

Theorem 1.1. Over H g n (l, . . . , 1), g > 1, we have the following equality: 
(1.1) t 2 b a = c exp (4vrCS + -/) F 24 . 

The same equality holds for the function r^ 4 on Ti g (l, . . . , 1), g > 1. 

Here c represents a constant, depending on g, n, and a topological choice that will be 
explained in Section El The complex-valued function CS on H g>n (l, ■■■,!) or W g (l, •••,!) is 



Date: September 20, 2012. 

2010 Mathematics Subject Classification 58J28, 58J52, 37K10, 32G15, 14J15. 

1 



2 



ANDREW MCINTYRE AND JINSUNG PARK 



defined as follows. Each marked compact Riemann surface X has a Schottky uniformization 
given by a unique marked normalized Schottky group T; the group naturally defines an infinite 
volume hyperbolic 3-manifold Mj whose conformal boundary is X. A 1-form W on X (here 
^ is either dX for the meromorphic function A, or it is the holomorphic 1-form determines 
a singular framing on X, and there exists a singular framing on Mx which extends the 
framing on X in a sense we prescribe. In Section 2] we define an invariant CS(M, s) for a 
certain class of 3-manifolds M and singular framings s on M. The value of CS at a point 
corresponding to (X, \&) is then defined to equal CS(Mx,s*). Our definition of C§(M, s) 
is motivated by the work of Meyerhoff [16] and Yoshida [18] for finite volume hyperbolic 
3-manifolds with cusps. In subsection 14.51 we show 

(1.2) CS(M, s) = 4t^(M) + 2iCS(M, s), 

where W(M) is the renormalized volume of M (see [12] . |17j . |13j ; we use the definition 
of Section 8 of [13]), and CS(M,s) is the integral of the usual Chern-Simons 3-form over 
M with the framing s, together with a correction term corresponding to the singularities 
of the framing. Let us remark that CS(M,s) is finite by our construction without any 
renormalization process and is well defined only up to ^Z. 

The function I is real-valued, and is given by an explicit integral over the Riemann surface, 
involving the 1-form We refer to I as a regularized Polyakov integral, since it plays the role 
of the usual Polyakov integral in relating the determinant of the Laplacian in the hyperbolic 
metric on X to that in the flat singular metric on X defined by 3', as we show in Corollary 1 1.41 
Its precise definition is given in (|6.ip and (|9.4p . The combined expression exp(47rCS+^/) gives 
a holomorphic function over Hg in (l, . . . , 1) or Ti g (l, . . . , 1) (although by itself, I is actually 
a function over H gjn (l, . . . , 1) or Hg(l, . . . , 1)). The function F is the holomorphic function 
over X 5 defined by Zograf in [19] (it is related to determinants of Laplacians — see below). 

Theorem 11.11 allows us to interpret the Bergman tau function as a higher genus gener- 
alization of the Dedekind eta function. When g = 1, it is known that tb = f]{r) 2 and 
F = Y\m=i( l ~ Q m ) 2 on - $l x C x where q = e 27rir , r G H 2 ~ % x , and by elementary 
computation we have C§ = ir and 1 = 0. Consequently in this case, Theorem 1 1 . 1 1 reduces to 
the 48-th power of the defining equation of the Dedekind eta function 

oo 

r 1 {r) = qM JJ (1 - 

m=l 

In [S], [ID], it was shown that t b a satisfies a modular property with respect to the mapping 
class group, which reduces to the modular property of 77 in genus 1. Further, the function 
F was shown in [20] (see also |15| ) to have an infinite product expansion on a subset of T 9 : 

00 

(1.3) i? =nri( i -<)- 

m=i 

Here the first product runs over all primitive closed geodesies 7 in Mx, and the complex 
number q 7 has modulus e~ length ^ 7 ^ and argument given by the holonomy around 7 in an 
orthogonal plane. The equation (jl.3p is valid whenever the exponent of convergence 5 of T is 
strictly less than 1. 

The relation between objects on the 2-manifold X and the bounding infinite volume 3- 
manifold Mx given by Theorem 11.11 fits well with principle of "holography" — for example, 
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see |14| and |17j . In this context, the Schottky uniformization provides a natural choice of 
bounding 3-manifold Mx- 

In [8], Kokotov and Korotkin showed that the Bergman tau function tb is related to the 
isomonodromic tau function 77 for Hg )n {k\, . . . ,ki) considered as an underlying space of a 
Frobenius manifold in the sense of Dubrovin in [3], [3], by the equation tb = tJ 2 . This 
implies the corollary 

Corollary 1.2. Over H g n (l, . . . , 1), g > 1, we have the following equality: 
(1.4) r / 48 = cexp(-4vrCS-i/)F- 24 . 

Here and below, as in Theorem 1 1.1[ c represents a constant depending on g, n, and possibly 
a topological choice. However, it does not always represent the same constant. 

To state the second corollary of Theorem 11.11 we need a result about the phase of F. 
In [6], it is shown that the eta invariant of the odd signature operator over Mx is well- 
defined, without any additional renormalization, and it is proved that the phase of F at X is 
exp(— ^t](Mx)), whenever the marked Schottky group T has exponent of convergence 5 < 1. 
We refer to |6] for more details. Combining this with (jl.ip . we have 



Corollary 1.3. The following equality holds 

exp ( 8-iriCS — Ylisir] ) = c 



I TB| 

over the subset of H g ^ n (l, . . . , 1) or H g (l, . . . , 1), g > 1, for which the corresponding marked 
Schottky group T has exponent of convergence 5 < 1. 

Let us remark that exp(AmCS(M)) = exp(6irir](M)) for any closed 3-manifold M. Hence 
Corollary 11.31 generalizes this equality for Schottky hyperbolic 3-manifolds, where the bound- 
ary Riemann surface X produces a defect term given by the phase of tb- 

The quantities in the main theorem are related to regularized determinants of Laplacians. 
In |19j (see also |15|). it was shown that 



3 d i tA l yP S v =cexp(-— S)\F\ 2 over % q 



where Ah yp is the Laplacian in the unique metric of constant curvature —1 on X, ^4hyp is 
the area of X in that metric, {$1, . . . , <3? 5 } is a basis of holomorphic 1-forms normalized with 
respect to the marking, and S is the real valued classical Liouville action functional over % g . 
Note that this is distinct from the usual expression of detA^yp in terms of the Selberg zeta 
function; in particular, F is holomorphic in moduli. It is known that S(X) = — 4W(Mx), 
when Mx is related to X as above (see [12], [17], p2]). In [ID] . Kokotov and Korotkin showed 
that 

n k\ 1 12 detA flat ~ 

(1.5) \tb\ = c— : — — — — -r- over 7t (l, . . . , 1) 

' 11 A flat det(^,$ fc ) sV ' 

where Afl at is the Laplacian in the flat (singular) metric defined by 3?, and Aft at is the area 
of X in that metric. Combining these, we have 

(1.6) tb =cexp(-Vy(— — — I |F| over K 9 (l,...,l). 

7T V A flat CletA h yp / 
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Observing that r^ 4 and F 2i in (|1.6j) are holomorphic functions over Ti g (l, . . . , 1), it is natural 
to expect that there might exist a holomorphic function over 7i g (l, . . . , 1) whose modulus is 
exp (§W) ( d( ^ Aflat • d( ^^ p ) 12 . One motivation for this work was to find such a holomorphic 
function, and Theorem 11.11 gives an answer to this question. Combining Theorem 11.11 and 
(|1.6p . and using the fact that / descends to H g (l,... ,1), we have the following Polyakov 
formula, 

Corollary 1.4. 

detA fla t A hyp / 1 T \ u (a i\ ^ r 

—a TTa — = cex P(T^ _/ ) over W fl (l,...,l), 5 > 1. 

^ flat detA hyp v 12vr 7 

Note that the usual argument proving the Polyakov formula for two smooth metrics does 
not apply in our case, since the domains of Afl at and Ah yp are different. Let us also remark 
that this formula can be proved combining the results in [7] and |10| . 

We have restricted attention to H g>n (l, . . . , 1) and H g (l, •••,!) for simplicity, but we ex- 
pect the results above will hold for other H 9tn (ki, . . . , kg) and T-L g {k\ } . . . , k m ), with only minor 
adjustments in the definitions of CS and / and slight changes in the proofs. We also note in 
passing that our constructions of CS(M, s) and I(X, fy) can be extended in a straightforward 
way to apply when M is any convex co-compact hyperbolic 3-manifold with conformal bound- 
ary X. In this case we expect that our methods will show that exp(47rCS + ij) is locally 
a holomorphic function on the associated deformation space. This is a parallel of Yoshida's 
result in [18] for finite volume hyperbolic manifolds with cusps, where / is a new "defect" 
term coming from the boundary of genus g > 1. 

In Section [2j we give the necessary background and make precise definitions. In Sections [3] 
through [H for simplicity of exposition, we present the proof of Theorem 11.11 over H g (l, . . . , 1) 
only. In the last Section, we describe the necessary modifications to establish Theorem 11.11 
over H g , n (l, . .. ,1). 

Acknowledgments We are grateful to Leon Takhtajan for his helpful comments and 
questions for the early version of this paper. We are also thankful to Aleksey Kokotov and 
Dmitry Korotkin for useful discussions about their works on the Bergman tau function. The 
work of the second author is partially supported by the SRC-GaiA. 

2. Preliminary background 

2.1. Hurwitz spaces and Tau functions. Let H g n (k\, . . . , kg) be the Hurwitz space of 
equivalence classes [A : X — > CP 1 ] of n-fold branched coverings 

A : X -> CP 1 

where X is a compact Riemann surface of genus g and the holomorphic map A of degree n 
satisfies the following conditions: 

i) the map A has m simple ramification points Pi, ■ ■ ■ ,p m £ X with distinct finite images 
A 1 ,...,A m eCcCP 1 , 

ii) the preimage A _1 (oo) consists of £ points: A _1 (oo) = {51,...,^} and the ramification 
index of the map A at the point qj is kj for 1 < j ' < I. 

Here two branched coverings A : X -> CP 1 and A' : X' -> CP 1 are equivalent if there exists 
a biholomorphic map / : X — > X' such that A' o / = A. Note that n = k\ + • • • + hi 
and m = 2g — 2 + n + ^by the Riemann-Hurwitz formula. We also introduce the covering 
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Hg >n (ki, . . . ,kg) of the space H g>n (ki, ... ,ki) consisting of pairs 

( [X-.X^CF 1 },^,^ \l<i<g}) 

where [A : X — > CP 1 ] G Hg )U (ki, . . . , kg) and {ai, h \ 1 < i < g} denotes a Torelli marking on 
X, that is, a canonical basis of H\{X, Z). The space Hg ;n (ki, . . . , k() is a connected complex 
manifold of dimension m = 2g — 2 + n + I, and the local coordinates on this manifold are 
given by the finite critical values of the map A, that is, Ai, . . . , A m . 

In [8], [TO], the Bergman tau function tb over H 9jn (ki, . . . , kg) is defined in terms of the 
Bergman kernel. The Bergman kernel on a Riemann surface X with a Torelli marking is 
defined by B(p, q) := d p d q log E(p, q) for p,q G X where E(p, q) is the prime form on X. Near 
the diagonal p = q, the Bergman kernel B(p,q) has the expression 

B(z(p),z(q)) = ( (z(p) - z{q))- 2 + H(z(p), z(q)) )dz(p)dz(q) 

where z(p),z(q) are local coordinates of points p, q in X, and the Bergman projective con- 
nection Rb is defined in a local coordinate by 

(2.1) R B (z(p))= Glim H(z(p),z(q)). 

The meromorphic function A also defines a projective connection Rd\, which is defined in a 
local coordinate to be 5(A), where S is the Schwarzian derivative defined by 

Now the Bergman tau function tb over H g ^ n (k\, . . . , kg) is locally defined to be a holomorphic 
solution of the system of compatible equations 

<91ogr B v 7 ^! f Rb - Rdx , t . -. 

- dz tor i = l,..., m, 



d\i 12vr J s . X z 

where Sj is a small circle around the ramification point pi 6 X, in a local coordinate z near p^. 
Note that the difference Rb — Rdx is a meromorphic quadratic differential and RB ~ RdX dz is a 

meromorphic 1-form. It follows from [9] that t]| 4 is globally well-defined on Hg^ n (kij . . . , A^>). 

The Bergman tau function tb is related to the isomonodromic tau function tj of Dubrovin 
[3] , [1] by a theorem of Kokotov and Korotkin [8] : 

Theorem 2.1. 

TB = tJ 2 over H g , n (ki, ...,k e ). 

Here H gtn (ki, . . . , kg) is considered as the underlying space of a Frobenius manifold where 
the isomonodromic tau function tj is defined; see [3], [3], [8] for details. 

We also define the space T~L g to be the moduli space of pairs (X, $) where X is a compact 
Riemann surface of genus g > 1 and $ is a holomorphic 1-form over X. We denote by 
T-L g (ki, . . . ,k m ) the stratum of % g consisting of differentials $ which have m zeroes on X 
of multiplicities (ki,...,k m ). For more details about these spaces, we refer to [H]. As 
before, we also introduce a covering li g (k\, . . . , k m ) of H g (ki, . . . , k m ) consisting of triples 
(X, $, {ai, bi | 1 < i < g}) where {aj, 6j | 1 < i < 5} is a canonical basis of H\{X, Z). 

Cutting the Riemann surface along the cycles given by a Torelli marking {oj, bi \ 1 < i < g}, 
we get the fundamental polygon X. Inside of X we choose (m — l)-paths lj which connect 
the zero p\ with the other zeros pj for j = 2, . . . , m. The set of paths ai, bi, lj gives a basis in 
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the relative homology group Hi(X, (3>),Z) where (<&) = ^j=i kjPj denotes the divisor of <£. 
Following [10 , local coordinates on H g {k\, . . . , k m ) can be chosen as follows: 

(2.2) A t := ! $, Bi := f := I 

where i = 1, . . . , g and j = 1, . . . ,m — 1. For simplicity, we also use another notation £j for 
the coordinates defined by 

Ci := Cg+i '■= Bi, (2g+j '■= 

Define cycles Sj for i = 1, . . . , 2g + m — 1 by 

for i = 1, . . . , g and define the cycle S2 g +i to be a small circle with positive orientation around 
Pi+i- 

As before, Kokotov and Korotkin [10] also define the Bergman tau function tb over the 
stratum H g (ki, . . . , k m ) to be a holomorphic solution of the following compatible system of 
equations: 

where <5(.z) = /i(z) (fz for a local coordinate z. Here Rb denotes the Bergman projective con- 
nection defined in (|2.ip and R§ is the projective connection given by the Schwarzian derivative 
S(j z $) with respect to a local coordinate z. It is shown in [10] that tb does not depend on 
the choice of the lj, and that t b 4 is a globally well-defined function on T-L g {k\, . . . ,k m ). 

Finally we introduce covering spaces H g ^{k\, . . . , ki) and H g (ki, . . . , k m ) of H g ^{ki, ■ ■ ■ , k() 
and 1-Lg{ki, . . . , k m ) respectively, by marking an ordered set of generators {ai, bi \ 1 < i < g] 
of tti(X) rather than of H\(X, Z). There are canonical maps from these spaces to the Te- 
ichmiiller space T 9 of marked Riemann surfaces of genus g. Note that the tau functions 77, tb 
can be lifted to these spaces. For simplicity we will mainly work over the spaces H g ^ n (l, . . . , 1) 
and "Hgil, • • • , 1) whose dimensions are m = 2g — 2 + 2n and 4g — 3 respectively. 

2.2. Basic facts on Schottky groups and Schottky spaces. Given a compact Riemann 
surface X of genus g > 1, there exists a Schottky uniformization of X, described as follows. 
A subgroup r of PSI^C) is called a Schottky group if it is generated by L\, . . . , L g satisfying 
the following condition: there exist 2g smooth Jordan curves C r , r = ±1, . . . ,±g, which 
form the oriented boundary of a domain D C C = C U {00} such that L r C r = — C_ r , 
r = l,...,g where PSL2(C) acts on C in the usual way and the negative signs indicate 
opposite orientation. Any Schottky group gives a compact Riemann surface X = T\Q where 
ft = U 7g r7-C is the set of discontinuity of the action of T on C, and every compact Riemann 
surface arises in this way. A Schottky group is marked if it is equipped with a particular 
choice of ordered set of free generators L\, . . . , L g . If the Riemann surface X is marked, then 
requiring the b\,...,b g G ^i(X) to map to L±, . . . , L g fixes the marked Schottky group up to 
overall conjugation in PSZ^C). 

We define a Schottky 3-manifold to be a smooth 3-manifold with boundary that is topolog- 
ically a closed solid 3-dimensional handlebody M := M L) X , where M is the corresponding 
open handlebody, and the boundary X is a compact smooth 2-dimensional surface. We call 
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a Schottky 3-manifold hyperbolic if it is equipped with a complete hyperbolic metric qm on 
M, and we call it marked if it is equipped with an ordered choice of generators of 7rx(M). 

Any compact Riemann surface X with a uniformization by a marked Schottky group V 
gives a marked Schottky hyperbolic 3-manifold M U X in the following way: M = T\ff 3 
(where PSL2(C) acts on i/ 3 in the usual way), X = T\Q, and the topology on M U X is 
that inherited from H 3 := H 3 U C. The choice of the ordered set of generators L\,...,L g 
gives the marking on ix\{M), by identifying elements of T with deck transformations of the 
universal cover of M. Conversely, by means of the developing map, every marked Schottky 
hyperbolic 3-manifold M arises from a marked Schottky group in this way, and the group is 
unique up to an overall conjugation in PSL%(C). When a marked Schottky group T and a 
marked Schottky hyperbolic 3-manifold MUX correspond in this way, we will say that the 
group r uniformizes the manifold M = MUX. 

In summary, given a compact marked Riemann surface X, we obtain a unique marked 
Schottky hyperbolic 3-manifold MUX whose conformal boundary is X. We will sometimes 
write M = Mx if we want to emphasize that the manifold M is determined by the marked 
surface X. 

For a fixed g, the Schottky space of genus g, denoted by & g , is the set of all marked 
Schottky groups with g generators, modulo overall conjugation in PSZ^C). It is known 
that & g has a canonical complex manifold structure of dimension 3g — 3, and its universal 
cover is the Teichmuller space T 9 , with the covering map being holomorphic. The generators 
Li, i = 1, . . . ,g, are holomorphic maps from & g to PSL2{C). In view of the uniformization 
discussed above, we implicitly identify & g with the deformation space of marked Schottky 
hyperbolic 3-manifolds. 

Every Schottky hyperbolic 3-manifold is conformally compact: in some neighborhood N C 
M of X, there exists a smooth boundary defining function r : N — )■ R>o such that 

i) r > on N n M, r = on X, and dr = restricted to X, 

ii) the rescaled metric g := r 2 gM extends smoothly to N n M, 

iii) \dr\l = 1 in N. 

We also write g for the extension of the metric g to N n M. The conformal class of the 
metric g\ TX is independent of the choice of boundary defining function; hence the choice of 
a metric gM induces a unique conformal class of metrics on the conformal boundary X. For 
genus g > 1, in each conformal class of metrics on X, there is a unique hyperbolic metric 
gx of constant curvature —1. For genus g = 1, in each conformal class of metrics on X 
there is a unique flat metric gx in which Area(X) = 1. We will need a parametrization of a 
neighborhood N C M of the conformal boundary X. If we demand that g\ TX is equal to the 
metric gx, then the boundary defining function satisfying the conditions above is unique. For 
a sufficiently small a > 0, this defining function r determines an identification of X x [0, a) 
with a subneighborhood Nt 0iC A C N, by letting (p, t) £ X x [0, a) correspond to the point 
obtained by following the integral curve <f>t of V^r emanating from p for t units of time. 
Throughout the rest of the paper, we will fix such an a. For this defining function r, the 
i-coordinate is just r and V^r is orthogonal to the slices X x {t}. Hence identifying t with r 
on X x [0, a), the hyperbolic metric gM over M has the form 

9M = r~ 2 (g r + dr 2 ) 

over iVro ia ), where g r denotes a Riemannian metric over X r := X x {r}. See [5] for more 
details. 



8 



ANDREW MCINTYRE AND JINSUNG PARK 



3. Framings over Schottky hyperbolic 3-manifolds 

From here on, M = M L) X will denote a marked Schottky hyperbolic 3-manifold with 
conformal boundary X. In this section, we define what we mean by a "singular framing" 
over M or over X, and we define a class of "admissible" singular framings which we will use 
to define the Chern-Simons invariant. We then describe how to assign, to each holomorphic 
1-form $ on X with only simple zeroes, an admissible singular framing on X. In Section [9] 
we will describe how to relax the assumptions on <3?. Finally, we prove that an admissible 
singular framing on X "extends" (in a sense to be defined below) to an admissible singular 
framing on M. 

3.1. Admissible singular framings. Let F(M) denote the SO(3) frame bundle with the 
projection map p : F(M) — > M. For a subset U C M, by a framing over U we mean a section 
of F(M) over U. 

Let C denote an union of disjoint simple curves in M. A framing over C in M, written as 
(ei(y), e 2 {y) ■, e^{y)) G T y M © T y M © T y M for each y £ £, is called a reference framing on C, 
if ei(y) is tangent to C at each y £ C. 

Let Af e (C) be an e- neighbor hood of C in the metric qm- A choice of reference framing k 
over C allows us to construct the deleted e-tube around C, which by definition we take to be 
a map 

a : (0,e) x C x S 1 -> (Af e (£)) C M, 

constructed as follows: for each (p, y, v) € (0,e)x£xS 1 , we take the unique geodesic starting 
at y with initial vector cos(v)e2(y) + sin(f;)e3(y), and travel a distance p from y to the point 
a(p,y,v). 

Given a reference framing k on £, we define the corresponding reference framing of the 
deleted e-tube around C by parallel translating the reference framing k along the unique 
geodesic connecting y and a(p,y,v). This gives a lifting 

a:(0,f)x£xS 1 ^p-^Af^C)) C F(M) 

of the map a. The standard cylinder over C is the map 

V> : C x S 1 -> p~\C) C F(M) 

which takes the point (y, v) £ C x S 1 to the framing 

ip{y,v) := (e 1 (y),cos(v)e 2 {y) + sin(w)e 3 (y), - sm(v)e 2 {y) + cos(v)e 3 (y)) 

at the point y. 

A matrix function 

A : (0,e) x C x S 1 ->• SO(3) 
acts on a framing q of the deleted e-tube around C by fiberwise right multiplication: 

3 3 3 

(ei,e 2 ,e 3 ) • A(p, = (^J e^qq, e^, e^ 3 ), 

i=l i=l i=l 

over a point a(p,y,v) where ajj denotes (i,j)-entry of A(p,y,v). We denote the resulting 
framing by a ■ A. A matrix function A : C x S 1 — > SO(3) acts on the standard cylinder ip to 
give ■ A in the same fashion. 
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For a connected simple curve £ C M, the special singularity of index n at £ is the framing 
a ■ A n over the deleted e-tube around £, where a is the reference framing on the deleted e-tube 
around £, and A n is the matrix function on (0, e) x £ x S 1 defined by 

/l 

A n (p,y,v) = cos(nu) — sin(nu) 
\0 s'm(nv) cos(nv) 

For fixed y G £ and t> G 5 , the limit of a • A n as p — >■ exists, and equals the framing 
(ei(y), cos(nv)e2{y) + sin(nt>)e3(y), — sin(m;)e2(y) + cos(m;)e3(y)) over y. Hence the map 
consisting of these limits as p — > for all y G ^ and d 6 5 1 is given by n-copies of the 
standard cylinder over £. Here a negative integer n indicates opposite orientation. For C a 
disjoint union of simple curves, we say that a framing T over M\C has a special singularity at 
C if .Fo a has the special singularity of index n for an integer n on each connected component 
of (0, e) x C x S 1 . Let us remark that n could be different over each component of C. Our 
definition of special singularity coincides with Meyerhoff's |16j when n = 1. 

For a connected simple curve I C M, the admissible singularity of index n at £ is the special 
singularity framing of index n at £, acted on by a matrix function A: 

(3.1) a-A n -A:(0,e)x£xS 1 ^ p^(M e (£)) C F(M), 

where A : (0, e) x £ x S 1 — > SO(3) satisfies the condition that lim p _>.o A(p, y, v) exists and is 
independent of v, for all y G £ and v G S . We say that a framing T over M \ C has an 
admissible singularity at C if the limit of T o a as p — > exists for all y G £ and t> G S 1 and 
the map given by this limit is the same as the map given by the limit of a ■ A n ■ A as p — > 0, 
that is, n-copies of the standard cylinder acted by A over each connected component of C. 

Recall that, on a neighborhood of X in M, we have a rescaled metric g = r 2 gM which 
extends to X and coincides with the metric gx there. Now, an admissible singular framing 
(J 7 , k, C) over M consists of a union of disjoint simple curves C in M, a reference framing k 
over and a framing T over M \C, satisfying 

i) the closure C is smooth in M, and £ is orthogonal to X in ~g at the intersection, 

ii) the framings r~ x T and r" 1 ^ extend smoothly to M \ C and C respectively, 

iii) the first vector e\ of T is tangent to the gradient flow curves of r over iV( 0je ) \ £ f° r 
< e < a, and 

iv) the framing T has an admissible singularity at C 

Let £±, . . . ,£ g be closed curves in M representing the marked generators of 7Ti(M), with 
the property that there exist discs D±, . . . such that M \ UDj is the disjoint union of 

g solid tori £{ x D, where D is the unit disc. Given an admissible singular framing (J 7 , k,j£), 
define C 1 to be the set of connected components of C that are closed, and define C 2 := C\C . 
Then (J 7 , k, C) will be called standard if 

i) J- has a special singularity of index 1 at each curve in C l where the set C 1 is a subset of 
{£l,... ,£ g } and 

ii) the index of the admissible singularity of J- at each curve in C 2 is —1. 

We define an admissible singular framing on a surface X with the metric gx in a similar 
way. Let Z consist of finitely many points in X. A reference framing on Z is a choice 
of a frame (e2,es) at each point z G Z, orthonormal with respect to the metric gx- A 
reference framing on Z defines a geodesic polar coordinate a : (0, e) x Z x S 1 — > J\f e {Z) \ Z 
which takes (p, z, v) to the point at distance p from z G Z along the geodesic with initial 
vector cos(t;)e2(y) + sm.{v)e^{y). Parallel translation gives a corresponding reference framing 
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a over (0, e) x Z x S . The special singularity of index n at z G Z is the framing a ■ A n on 
(0, e) x {z} x S 1 where a denotes the reference framing and A n is the matrix function given 

by ' 

A n (p,v)=( cos( ; nv l - sin H 
Ysm^nfJ cos{nv)^ 

An admissible singularity of index n at z is the special singularity, right-multiplied by a 
matrix function A(p, z, v) with the property that linip-j.o A(p, z, v) exists and is independent 
of v. An admissible singular framing (J 7 , k, Z) on X consists of a finite set Z in A, a reference 
framing on Z, and a framing J 7 of X \ Z such that the limit of J- as p — > exists for all wGS 1 
and the map given by this limit is the same as the map given by the limit of an admissible 
singularity at each point of Z. 

3.2. Admissible singular framings associated to holomorphic 1-forms. Suppose that 
A is a Riemann surface, with metric gx compatible with its complex structure. We now 
describe how to assign, to a holomorphic 1-form $ with only simple zeroes, an admissible 
singular framing with index —1 singular points at the zeroes of $. 
The metric gx is a collection {e^ a \dz a \ 2 } 

a_£A on an atlas {(U ai z a )"\ a £A of A for which the 

functions <p a E C°°(U a ,M.) satisfy 

(3.2) ^ + log|/^(^)| 2 = ^ on U a DUp, 

where f a p = z a ° % : zp{U a D Up) — > z a (U a HUp) are the holomorphic transition functions. 
A holomorphic 1-form $ on 1 is a collection {h a dz a } for the atlas {(U a ,z a )} for which h a 
is a holomorphic function on U a satisfying 

(3.3) h Q f' a p(zp) = hp on U a D Up. 

The phase function e l9a := h a /\h a \ is well defined over X \ Z where Z denotes the zero set 
of 3>. The transformation law (|3.3|) implies 



(3.4) i0 a + log , ,f < , =i0 p on U a nUp. 

I /a/3 W I 

Note that 8 a is defined only up to an integer multiple of 2ir. By (|3,2p . (|3.4p . it follows that 
e <f> a /2+i6 a( ^ z ^ dgfingg an orthonormal co- framing ^27^3 given by 

= e^ a ^ 2 (cos 9 a dx a — sm6 a dy a ), = e^ a ^ 2 (sm9 a dx a + cos6 a dy a ) 

on U a \ Z where z a = x a + zy a . Now we obtain an orthonormal framing 

^* = (/2, /3) where / 2 = Wg, /3 = ^3 

over X\Z, which has admissible singularities at Z of index —1. 

For the singular part Z, let Z{ a denote the co-ordinate of a zero of $ in a patch U a . Then 
h a has an expression h a = (z a — Zi a )hi a , where hi a is non- vanishing at the zero. Now we put 

e t6i ' a := hi t a/\hi,a\- Since hi a is non-vanishing at the zero, 9i a is well-defined at the zero up to 
an integer multiple of 2tt. By (|3.2p . (f3T3|) . it follows that e^^ 1 ® 1 ^ dz a defines the following 
orthonormal co-framing at the zero, 

ui 2a = e^ /2 (cos(6 a /2)dx a -sm(8 a /2)dy a ), 

(3.5) 

w 3 a = e' t,a/2 (sm(9 a /2)dx a + cos(e a /2)dy a ), 
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and the corresponding orthonormal framing (/2, fs) at the zero. By the transformation law for 
h, this orthonormal framing transforms correctly under change of coordinate. Note however 
that this co-frame and frame are well defined only up to sign. 

We select g — 1 of the points in Z to have the framing (/2,/s), and let the other g — 1 
points in Z have the framing (/2, — fs); we denote the resulting framing at Z by k$. When we 
extend the framing J 7 ^ to M, these will correspond to "outgoing" and "incoming" endpoints 
of curves in M respectively. 

3.3. Existence of admissible extensions. On a subset of X, we can identify any 50(2) 
framing with respect to gx with an 50(3) framing with respect to g, by taking each framing 
(/2j /a) t° the framing (/1, /2, fs), where f\ is the inward unit normal vector to X with respect 
to g. We say that an admissible singular framing (J-'x, K x, Z) has an admissible extension 
to M if there exists an admissible singular framing (J 7 , k, C) over M such that dC = Z, and 
such that the extension of r~ 1 J 7 and r~ l n equals the given framing Fx and kx, respectively, 
under the identification above. 

Now, our goal is to show that, for a holomorphic 1-form <I> with only simple zeroes on X, 
the associated admissible singular framing ( F§ , k$ , Z) on X extends to an admissible singular 
framing (J 7 , k, C) on M. (A similar proof shows that any admissible singular framing on X 
extends to M.) 

Before proving the existence of such an admissible extension, we establish two lemmas. 

Lemma 3.1. Suppose W = WL)dW is a marked smooth 3-dimensional closed handlebody of 
genus p with metric g^, and suppose that J~dw i> s a smooth (non- singular) 50(3) framing of 
dW. Then there exists an admissible extension of J-gw to W which has a special singularity 
of index 1 at C 1 . Its set of singular curves C 1 may be taken to consist of at most p closed 
curves, each representing a distinct marked generator of n\{W). 

Proof. There exists a smooth embedding of W into M 3 , which gives a global framing J-q on 
W, by which we can identify any other framing on W with a map to 50(3). Let £° be 
the union of p closed simple curves representing the marked generators of iri(W). Given a 
connected curve £ in £°, there exists a disc D in W such that W \ D is the disjoint union of a 
handlebody of genus p — 1 and a solid torus T satisfying T n C° = £ and dT ~ I x 5 1 . Since 
dD is homologically trivial in dW, it is a commutator in iri(dW) and so its image in 50(3) 
under the framing Fqw is homotopically trivial. Hence Fqw can be smoothly extended to 
D C d(W \D). In this way the problem reduces to finding a framing on each solid torus T. 
If tti(T) is represented by £, identify dT with £ x 5 . The image of this 5 1 in 50(3) given by 
J-qw is either homotopically trivial, in which case the framing extends smoothly to all of T, 
or it is homotopically nontrivial, in which case the framing has the same homotopy type as 
a special singularity framing of index 1 around £ and can thus be extended to a framing on 
T\£ with this singularity. □ 

From now on, we put a\ = f for simplicity, where a is defined as in subsection 12.21 

Lemma 3.2. Let M = M U X be a marked Schottky hyperbolic 3-manifold, and let a > be 
such that the neighborhood iVro jtt ] C M of X exists. Let <3? be a holomorphic 1-form with only 
simple zeroes on X and ( T§ ,k$,Z) be the associated admissible singular framing as defined 
above. Then (J 7 ^, k$, Z) has an admissible extension to iV( 0iOl i. 

Proof. If Z is the singular set of the framing J 7 ^ on X, then we can take the set of singular 
curves to be the gu geodesies given by C = {4> r {x) : x G Z, r G (0, a%]}. Given an admissible 
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singular framing F<$, = (/i, /2, fs) over X \ Z with respect to g = r 2 g^, one can find an 
admissible singular framing T = (ei,e2,es) with respect to gu that is parallel near infinity 
and extends by rewriting the parallel transport equation for ej with respect to gu in 
terms of b{, where ej(r) = rfej(r) = r(b\(r)j^ + ^ii r )'§^ + ^f( r )^)- The parallel transport 
equation along the gradient flow curve <f) r becomes 

rb?{r) + b?(r) + r £ T^rWrf (r) = 0, 

and we use the solution, with initial conditions foj(0) = fi, to define ej. We extend the 
reference framing on C in the same manner, using the reference framing on Z as the initial 
condition. □ 

Theorem 3.3. If M = M U X is a marked Schottky hyperbolic 3-manifold and $ is a 
holomorphic I- form, with only simple zeroes on X , then the associated admissible singular 
framing (J 7 ®, k<j>, Z) on X extends to an admissible singular framing (J 7 , k,C) on M. The 
framing (J-, At, C) can be taken to be standard. 

Proof. We begin by defining the C 2 part of the singular curve of T . In Lemma 13.21 the C 2 
part in -/V(o,|] is defined to be the gradient flow curves. Now we extend them by taking pairs 
of two ends in X ai of those curves and making curves to connect them smoothly within -/V"( ,a) • 
We may assume that each connected curve £i, i = 1, . . . , g — 1 in C 2 meets level surface X e at 
two points for a\ < e < | and at one point for e = |. By construction, the end points of C 2 
are given by the zero set Z = {p\, . . . ,p2 g -2} of <£. As we mentioned in the end of subsection 
13. 2| we may assume that if the reference framing is taken to be {$2, fz) on one end of £{, then 
the reference framing is taken to be (f2, —fs) on the other end of ii. 

Let us choose a reference framing k 2 on C 2 which extends (/2,/3) and (72,-/3) at each 
end point respectively, and which satisfies the parallel condition over C 2 n Nr 0tai y We also 
let F be the admissible extension of J 7 ® on the set iV(o,f] guaranteed to exist by Lemma [3721 
Note that T has an admissible singularity of index —1 at C 2 n ^V(o,oi] ^ definition. 

Now we define T over J\f e (C 2 ) n N\ ai a \ so that T has an admissible singularity of index —1 
at C 2 n -/Vr ai a ). Let (3i be a diffeomorphism from Zj C M to [—1, 1] which maps the end with 
the reference framing (/2,/s) to —1 and the end with the reference framing (72,-/3) to 1, 
and maps £{ n N[ ai>a ^ to [—5,5]. Let £ be a smooth increasing function on the interval [—1,1] 
whose derivative is supported in (— |, |) whose values are on [—1, — |] and tt on [|, 1]. We 
define x '■ £ 2 ~ * [0, 7r ] by the composition of £ and over ii and let 

/cosx(y) -sinx(y)\ 
(3.6) A(p,v,y)=\ 1 on (0, e) x (C 2 n N {>) ) x S 1 

\s'mx(y) cosx(y) / 

and A over (0, e) x (C 2 n A^[ 0lj |]) x 5" 1 is defined to connect the above matrix in fl3.6H and 
the matrix A determining the admissible framing T over M e (C 2 ) n X ai . We may assume 
that limp-j.o A(p, v, y) exists and is independent of v, for all y £ C 2 and v £ S 1 . Then, for 
the reference framing a of the deleted e-tube around C obtained from k 2 , we define J- by the 
equality T o a = a • A_j • ^4 over J\f e (C 2 ) D A^r 0lja ), which extends the previously constructed 
framing J 7 over iV/o i0l i- Note that this extension of J- is independent of the choice of a 
reference framing At 2 on £ 2 satisfying the conditions above. In particular, the extension of J- 
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does not depend on the choice of signs in By definition, this framing T has an admissible 
singularity of index — 1 at C 2 n N\ a ^ a \. 

So far an admissible framing T has been constructed over ^V(o,oi] UAA e (£ 2 ). Now we extend 
it over M \ (C 1 U C 2 ) by appropriately choosing C . First let Wo denote the closure of 
M ai \ M € {C 2 ) where M ai = M \ Nt 0tai y Then there is a homotopy which deforms Wo to a 
closed handlebody W\ of genus 2g — 1. Given a set of generators of -K\(M) ~ 7r 1 (M ai ), there 
exist (g — l)-closed discs Di C W±, i = 1, . . . ,g — 1 such that these decompose W\ into one 
handlebody of genus g and solid tori Tj, i = 1, . . . , g — 1 satisfying the following conditions: 
the decomposed handlebody of genus g contains the homotopic images of loops realizing the 
given generators of tt\{M*). For a generator ^ of 7r 1 (T i ), there is a closed curve 7j in Wo 
given by the (inverse) homotopic image of the loop realizing ji. By this construction, the 
set G of generators of tti(Wq) is given by the union of the chosen generators of iri(M ai ) by 
marking and the set of 71, ... , j g -i- 

Applying Lemma 13.11 for the framing defined as above over the boundary of the closure 
of Wo, we obtain an admissible extension of (J-$,n$,Z). To show that we can take it to 
be standard, we have to modify the construction so that C 1 consists of representatives of 
the marked generators of 7Ti(M). Suppose that C 1 contains a representative of a generator 
7j, Then we may replace the reference framing a with another framing with an additional 
rotation 2tt along the corresponding part of C 2 . This will change the homotopy type of the 
admissible singular framing T along it since tti(SO(3)) = Z/2Z. Hence it can be extended 
over the subset of Wo corresponding to Tj without removing a curve representing 7^. This 
means C l can be taken to represent a subset of the given generators of -ki(M). Then this 
completes the proof. □ 



4. Definition of the invariant CS 

4.1. The form C on PSL2(C). If H 3 is the hyperbolic space of dimension 3, the frame 
bundle F(H S ) can be identified with PSZ^C) canonically. Let 

fc= (o -1)' e= (o i)' /= (! o)- 

Then {h, e, /} form a base of the Lie algebra sl2(C) of PSL2(C). Let {h^, ejn, /£} be its dual 
base of Homc(sl2(C), C). In Section 3 in [18], Yoshida defines the form C as the left-invariant 
differential form on PSL2(C) whose value at the identity is given by^y/i^ AeJ A/£, and proves 
the following: 

Proposition 4.1. The form C on PSL-2(C) is complex analytic, closed, and bi-invariant, 
and has the following expression 

C = -^(401 A 9 2 A 9 3 - d(9x A 623 + 6 2 A 31 + #3 A 12 )) 

+ ^2 (^12 A 013 A 023 ~ 012 A 01 A 02- 013 A 6>i A ^3 — 023 A 02 A 3 ). 

Here 0i and 0ij denote the fundamental form and the connection form respectively on PSL2(C) 
of the Riemannian connection of H s . 

Since H 3 has constant sectional curvature —1, 0^- = — 9i A 0j for i,j = 1, 2, 3. Thus C is a 
complex analytic form on PSL>2(C) whose real part, up to scalar multiplication, is the volume 
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form plus an exact form, and whose imaginary part, up to scalar multiplication, is the Chern- 
Simons form defined in [2]. Using the equalities dOi = — • dijhOj, d6ij = — 9ik/\6kj+^ij, 
one can obtain 

Proposition 4.2. The form C on PSL2(C) has the following expressions 

= -4^2 ( dd ™ AOl + dQl A ^s) + £2 ( d0 23 A 9 23 " d6 X A 9i), 

where rj = 0\ — i#23 • 

For an oriented smooth hyperbolic manifold M = T\H S of dimension 3, let M be the 
universal cover of M and (i : M — )• ff 3 be a developing map. Taking the differential of d, 
we obtain the S'0(3)-bundle map d : F{M) — > PSL2(C). Since the form C is left invariant, 
d*C projects to a closed form on F(M) = T\F(M) which by abuse of notation we denote 
also by C. Now, for the rest of this section, suppose that M is a marked Schottky hyperbolic 
3-manifold. For an admissible singular framing (F, k, C) over M, we introduce a map 

(4.1) s: (M\£)U£->F(M) 

defined by the admissible singular framing F over M\£ and the reference framing k on C. 
For < e < a%, we now define 

(4.2) CS e (M, s) = [ C - V ^ / (0i - iflas) 

Js(M'\C) j 271 Js(ty 

where M e := M \ iV( 0)£ ), denotes a connected component of £, and £j := ^ n M € . Here 
the sum is over the connected components £j of £ and n(j) is the index of the admissible 
singularity of F at £j. The complex- valued invariant we define will be a suitably regularized 
value of CS e (M, s) as e -»• 0. 

For a standard admissible framing (F, k, C) over M, the singular curve £ consists of two 
parts: C 1 is a union of simple closed curves and £ 2 is a union of curves connecting two end 
points in X = dM. Then the quantity defined in (|4,2p is given by 

(4.3) CS S (M, s)= f C - i- / (0! - ^23) + I (01 - ^23) 
where £ 2 ' e := £ 2 n M e . 



s(M E \£) 27r Js^ 1 ) 27r Js(C 2 ^) 



4.2. Boundaries of s(M € \>C). For a standard admissible framing (F,n,£) over M, we 
investigate the structure of the boundaries of s(M e \ £) where the closure is taken in F(M). 
The boundary d{s{M e \ £)) consists of three parts which we are going to describe below. 

One part of the boundary d(s(M e \ £)) is given by the closure of s(X e \£ 2 ) in F(M), which 
we denote by B 0,e . Note that the boundary of B 0,e consists of a disjoint union of circles. 

The second part of the boundary d(s(M € \ £)) is given by Uj/g/: 1 nm <5->0 s(Ss{y)), where 
Ss(y) denotes the circle consisting of points in the orthogonal disc to C 1 of distance 5 from 
y G £ . For y £ £ , the limit of s(Sg(y)) as 5 — > exists since the framing F has a special 
singularity of index 1 at £ . We denote this part of boundary, which does not depend on e, 
by B 1 . Actually B 1 is given by the standard cylinder over £ , there is a map 
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which takes the point (y, v) G C 1 x S 1 to the framing 

(4.4) i>{y,v) := (e 1 (y),cos(v)e 2 {y) + sm(v)e 3 (y), - sm(v)e 2 {y) + cos(v)e 3 (y)) 

at the point y G C . Here (e\,e 2 ,e 3 ) is the reference framing k 1 on C . The boundary 
orientation of -B 1 is induced from J 7 and is given by (^*^>V ; *^) so that ^ is orientation- 
preserving. 

The remaining part of boundary d(s(M e \ £)) is given by Uy££2, e lim^o • s (5'<5 (?/))• For 
y £ C 2 , the limit of s(Ss(y)) as <5 — >■ exists since the framing J 7 has an admissible singularity 
of index —1 at C 2 . We denote this part by B 2 ' e . Note that B 2,e has circle boundaries which 
are the boundaries of B 0,e with the opposite orientation. As the case of B 1 , B 2 = lim e _>.o B 2,t 
can be described in terms of the standard cylinder over C 2 with some modification. There is 
a map 

if) : C 2 x S 1 p~\C 2 ) C F(M) 
which takes the point (y, v) £ C 2 x S 1 to the framing given by 

(4.5) ip(y, v) = (ei(y),cos(v)e 2 (y) + sm(v)e 3 (y), - sin(v)e 2 (y) + cos(v)e 3 (y)), 

where (ei,e 2 ,e 3 ) is the reference framing k 2 on C 2 . We denote by B 2 the image of ip. We 
take the orientation of B 2 to be given by (ip*-^, ~' l P*-§^), so that tp is orientation-reversing by 

definition. The B 2 and B 2 do not coincide completely, but we can describe their difference 
explicitly: 

Lemma 4.3. The fiberwise right multiplication of A appearing in equation (|3.ip induces an 
orientation preserving diffeomorphism A of p" 1 {J\f e {C 2 )) C F(M) mapping B 2 to B 2 over 
C 2 . 

Proof. The claim follows directly from the definition of admissible singularity. □ 
4.3. Real part of CS £ (M,s). We start with 

Lemma 4.4. For s corresponding to an admissible singular framing (F,k,C), the following 
equalities hold over iV( ,ai) \ £ 2 , 

UV2, = II{e 2 ,e 2 )uj 2 + II(e 3 , e 2 )u 3 , u 13 = II(e 2 , e 3 )uj 2 + II(e 3 , e 3 )u> 3 , 

where uji = s*9i, Uij = s*9ij denote the fundamental forms and connection forms pulled back 
by s respectively, and *) denotes the second fundamental form. 

Proof. By definition of T = (e\,e 2 ,e 3 ), e\ is tangent to a geodesic which is also trajectory 
of the gradient flow of the defining function r and e 2 , e 3 are tangent to the level surface 
X e with r = e. We use the equality LUij(ek) = — ffAf(V e& ei, ej) to obtain LOij(e\) = and 
wij(efc) = — <?Af(V efc ei, ej) = II(ek,ej) for j = 2,3, k = 2,3. This completes the proof. □ 

The mean curvature H is defined to be the trace of IF (Note that H is defined to the half 
of the trace of II in some of the literature.) In [13] , W- volume of M e is defined by 

W{M e ) := Vol(M e ) - - / Hdvol 

where Vol(M e ) denotes the volume of M e and dvol denotes the area form over X e induced by 
gM- One nice property of VF-volume proved in Lemma 4.5 in [13] is the following equality: 
for < e < a, 

(4.6) W(M € ) = 2vr(l - g) log e + W Lp .{M e ), 
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where W(M) := lim e _ > .o Wf.p. (M e ) exists and defines the renormalized volume W(M) of M 
as in Section 8 of |13|. 



Proposition 4.5. For s defined by a standard admissible singular framing (J 7 , k,£), 
ReCS e (M,s) = -\w(M e ) for < e < a x . 

7T 

Proof. By the definition, we have 

f_ Re C / (40i A 2 A 3 - d(9 1 A 23 + 2 A 3 i + #3 A i2 )) 

, 4? j ^ S (A/^\£) 4vr 7 s (M-\£) 

= J_Vol(M e ) - -L f 0! A 23 + 2 A 031 + 3 A 012- 

For the second equality in (|4.7p . we apply Stokes' theorem. Now we consider the integrals 
over the boundary d(s(M e \ C)) = B°' e Ufi'u B 2,e . For the boundary integral over B 0,e , we 
have 

— T-o / ^1 A 023 + 02 A 031 + 3 A 012 = o / Wi A W 2 3 + "2 A W31 + W 3 A W i2 
4?H 7^0,, " ~ 4tt 2 J x < 

=-^L tiH " 2 A " 3 = - i L ^ dvo1 ' 

where X e is oriented by u 2 A W3 and the second equality follows from Lemma 14.41 

For the boundary integral over Br, recall that the boundary B 1 is difieomorphic to C 1 x S* 1 
by tp in (|4.4p . and that is a vertical vector field and ip*dij{-§^) = for j = 2,3 by 

definition of B 1 , hence if}*(6 2 A0 3 i)(^, *) = 0, ^*(0 3 A0i 2 )(^j, *) = 0. Moreover, by definition, 
^Mg?) = -1. This im P lies 

"A / ^1 A ^3 + 02 A 031 + 03 A 012 = — -T— 2 / A 23 ) 

1 f 



— / ^ 01 = — / s 01 = — 
2vr //•! ^ 2vr / r i 2vr 



Hence the boundary integral over B 1 cancels the real part of the second integral in (|4.3p . 
For the boundary integral B 2 ' e , 



~ — I 01 A 023 + 02 A 3 1 + 03 A V2 
I B 2 -' 



4vr 2 



= - A / rA*(9 l A 023 + 02 A 031 + 3 A 0i 2 ), 

4vH Jc^xs 1 

where V is given by ([43]) . Using A*6 = A~ l • and .4*0 = A~ l ■ dA + A~ l ■ 6 - A with 

= (0i, 2 ,0 3 )*, e = (0y)> 

^*(^1 A 23 + 02 A 031 + 3 A 0i 2 ) 

f4 8) 3 

= e 1 A 23 + 2 A 3 i + 3 A 0i2 + 9 3 A ( a ji A 2 ■ dA 3 + a j2 ^ 3 • dA x + a i3 ^i ■ dA 2 ) 

i=i 

where a,^ denotes the entry in A and Aa denotes the column vector of A, and Aj -dA^ denotes 
the inner product of two vectors. By Lemma 1431 and fj4.8]> . and repeating the computation 
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of the integral over B 1 , 

" A / rA*(0! A 023 + 6 2 A #31 + 3 A #l 2 ) 

/ #i - i / ^* ( V 0j A (ajiA 2 • gL4 3 + aj2^3 • dAi + a j3 ^i ■ dA 2 )) 



2vr 
1 

2t7 



(71. 

s(£ 2 ' e ) 



Here we use that ip : C 2 x S 1 — > I? 2 in (|4.5p is orientation reversing, and that the form 
involving ^4 vanishes on the vertical vector field ip*-§^- Hence the boundary integral over B 2 ' e 
cancels the real part of the third integral in (|4.3p . This completes the proof. □ 

4.4. Imaginary part of CS e (M, s). Now we prove 

Proposition 4.6. For s corresponding to an admissible singular framing (J 7 , k,C), the imag- 
inary part of CS t (M, s) converges to a finite value as e — > 0. 

Proof. Over iV( 0iO1 ) \ £ 2 , the pull back of the imaginary part of C by s is given by 

(4.9) ( W 12 A wi 3 A u; 23 - wi 2 AwiAu 2 - W13 A wi A u 3 - w 23 A w 2 A o; 3 ) . 

The first and the last terms in (|4.9|) vanish respectively since they are sum of triple wedge 
products of cj 2 , UJ3 by Lemma |4~41 The second and the third terms in (|4.9|) cancel each other 
by Lemma 14.41 and the fact 7T(e 2 ,e3) = I/(e3,e 2 ). Hence the imaginary part of the first 
integral in (|4.2|) is finite and independent of < e < a%. For the imaginary part of the line 
integral over C, note that for £j G C 2 , the integral f e . nN ^ ^ ^23 measures the total rotation 

of k with respect to parallel translation on £j n N^ e ai y Since r~ l n extends smoothly to M 
by definition, the limit of the line integral as e — > has a finite value. This completes the 
proof. □ 

Proposition 4.7. For a given marked Schottky hyperbolic 3-manifold M , if sq, si are defined 
by standard admissible framings (J-o, no, Co) and (J~i,Ki,Ci) on M which are related by a 
homotopy of standard admissible framings which are fixed outside of M ai , then 

ImCS e (M,s ) = ImCS e (M,si). 

Proof. Let (F u , K u , C u ), with u G [0, 1] be the homotopy connecting (To, Ko, Co) and (F\, K\,C\). 
The framing T u defines a section s : W e — > F(M) over W e := [0, 1] x M e \ {(u,y u ) \ y u G 
C u ,u G [0, 1]}. Denoting by Q the imaginary part of C, we have 



(4.10) 0= / dQ= / Q - / Q+ / Q. 

Js(W € ) J Sl (M^\Ci) Js (M c \Co) JB W 

The boundary Bw consists of three parts B°, B , and B 2 , consisting of the trajectories 
under the homotopy T u of B 0,e , B , and B 2,t respectively. For the integral over the part B°, 
difafc) = and M s *ll) = over B° = B ° ,£ c F ( M )- Therefore 

(4.11) / Q = 0. 

Jb° 
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The boundary B 1 is diffeomorphic to [0, 1] x C 1 x S 1 by 

ijj(u, y, v) = {u} x (ei(y), cos{v)e 2 {y) + sin(w)e 3 (y), - sin(w)e 2 (y) + cos(u)e 3 (y)) 

where (ei(y), e2(y), ez{y)) denotes the reference framing n u (y) for y G £ . Here and below, 
we identify C\ with = £q implicitly. The orientation (-§^,-§^,— ^) on [0,1] x £* x S* 1 
makes "0 orientation preserving. As before, tp*$lij(J^, *) = for 1 < i, j < 3, (ip*0i2)(-§^) = 0, 
(V'*^i3)(^) = 0, and (^*^23)(^y) = —1- From above facts, we have 

*P*Q = 4^*(#12 A ^13 A 23 + ^23 A n 23 ) = ^*(023 A d9 23 ), 



and 



ip*023 = -dv + q*s*9 23 , 



where q : [0, 1] x C 1 x S 1 — > [0, 1] x C 1 is the natural projection, s u : C l — > F(M) is the section 
defined by k u , and s : [0, 1] x C 1 — > F(M) is the corresponding family given by s(u, •) = s u . It 
follows that ip*Q = —-^jdv A d(q*s*023)- With the above orientation convention, by Stokes' 
theorem, we have 

Q=[ ^*Q = -1T2 [ dv/\d(q*s*9 23 ) 

-B 1 ,7[0,l]x,C 1 xS 1 47r J[0,l]x,C 1 xS 1 

(4.12) -i 



, d( a *0 23 ) = — ( / S1023- / sSfta). 

27r J[0,l]x£i ^ 7 £ i J £ i 

The right hand side of (|4.12p is the same as the difference of the imaginary parts of the second 
integrals for u = 1 and u = in the definition of CS e (M, s) in (|4.3I) . 

For the boundary integral over i? 2 ' e , as in the proof of Proposition 14.51 we have 



Q= / rl>*A*Q 

B 2 < £ ./[0,l]x£ 2 . £ xS 1 

where ip is the orientation reversing diffeomorphism defined in (|4.5|) . We also have 

A*Q= Q + -^Tr((yT 1 ( L4) 3 ) 
(4.13) 2 f 

+ ^2 d (6»i2 A cUi • A 2 + 0i3 A dii • A 3 + 023 A dA 2 • i 3 ) 
where denotes the row vector of A. Hence, in a similar way as (|4.12p . 

Q 



B 2 ^ 



(4.14) = - ^ ( / s\9 23 - / s* 9 23 ) -^-{f ridA 2 A 3 - f r dA 2 ■ A 3 ) 

51023 - / 8*0623) 



1 

2V 



where ipi and tpo represent ip taken at it = 1 and u = 0. Here the first equality follows from 
that i>*0i2, V'*^i3! an d the form involving A vanish on the vertical vector field The 
expression (1/2tt) J^ 2 , c ^dAi -A 3 can be shown to be the total rotation angle of A2 about the 

axis A\ along £ 2 ' e . Since A is fixed at the endpoints of £ 2 ' e through the homotopy, this total 
rotation angle does not change, so the second equality follows. The right hand side of (|4.14p 
is the same as the difference of the imaginary parts of the third integrals for u = 1 and u = 
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in the definition of CS e (M,s) in (|43j) . Combining (|£I0j) . (jiTTI) . (14TT21) and (gUD completes 
the proof. □ 

4.5. Definition of the invariant CS(M, s) and the function CS. For s : M — > F(M) 
corresponding to an admissible singular framing (J 7 , k,C) as explained after equation (|4.ip . 
we define the Chern-Simons invariant of (M, s) to be 

CS{M,s) := ^limImCS e (M,s), 

where the limit exists by Proposition 14.61 By Proposition 14.71 CS(M,s) is independent of 
a homotopic change of an admissible singular framing (J 7 , k, C) inside of M ai . We can now 
define the invariant CS(M, s). 

Definition 4.8. For s : M — > F{M) corresponding to an admissible singular framing 

CS(M, s) := lim (CS e (M, s) + -(g - 1) log e). 
By fj4.6j) and Proposition 14.51 as we stated in (jl.2p . we have 

CS(M, s) = 4rTy(M) + 2iCS(M, s). 

7T 

Now, suppose we are given a compact marked Riemann surface X and a holomorphic 
1-form on X, with corresponding admissible singular framing ( J 7 ^ , k<j> , Z) over X. Then 
we have associated to this data a unique marked Schottky hyperbolic 3-manifold Mx and a 
standard admissible extension (J 7 , k, C) over Mx corresponding to s$ : Mx — > F{Mx)- We 
now consider to what extent the invariant CS(Mx,s$) depends on our choice of admissible 
extension s$. We have already shown in Proposition 14. 71 that it is independent of a homotopic 
change of (J 7 , k,C) in M x x . Now we show 

Proposition 4.9. The quantity exp(47rCS(Mx, s$)) is independent of the choice of signs in 
k$ and of the choice of k. 

Proof. Note that the modulus of exp(47rCS(Mx, s$)) depends only on Mx by Proposition 
14.51 For the argument of exp(47rCS(Mx, s$)), there is a choice of a reference framing k which 
can rotate along C, but a change of a rotation number results in only an integer difference 
in the imaginary part of CS(Mx,s$) through the second and third integrals in (14. 3p . There 
are sign ambiguities in the definition of the reference framing at zeroes of $ mentioned just 
after (13. 5j) . Hence the imaginary part of CS(Mx, s$) is well-defined only up to addition of a 
half-integer, but this ambiguity will disappear for exp(47rCS(Mx, □ 

To state the main result of this section, we need to introduce an auxiliary space. For 
each point (X, 3>) in H g (l, . . . , 1), we attach the data of a choice of isotopy class of g — 1 
simple, pairwise disjoint curves in Mx whose endpoints are the zeroes of <F The resulting 
space 7ig(l, ■■■,!) is locally isomorphic to % g (l, . . . , 1), and there is a natural projection 
map to Hg(l, • • • , 1) corresponding to forgetting the added data. Note that each connected 
component of T~l*(l, . . . , 1) covers . . . , 1) by this projection map. 

Theorem 4.10. The expression exp(47rCS(Mx, s$)) determines a globally well-defined func- 
tion exp(4vrCS) : H*(l, . . . , 1) -»■ C. 



20 



ANDREW MCINTYRE AND JINSUNG PARK 



Proof. Given a point in 7-lg(l, . . . , 1), we use Theorem 13.31 to construct a standard singular 
admissible framing on Mx, whose C 2 curves are isotopic to the given g — 1 curves. It is clear 
from the construction that any two such framings are related by a homotopy, which is an 
isotopy of the corresponding set of curves C It then follows from Propositions 14.71 and 14.91 
that the value of exp(47rC§(Mx, s$)) is uniquely determined by this data. □ 

Remark 4.11. The proof of the main theorem in Section[8]will show that, in fact, the function 
exp(4-7rC§), restricted to any connected component of 7^(1, . . . , 1), descends to a well-defined 
function on H g (l, . . . , 1). Restricting to a different connected component of %*(1, . . . , 1) will 
give a function on 7i g (l, ■ ■ ■ , 1) differing from the original by a multiplicative constant. 

5. Variation of the invariant CS 

Suppose we are given a contractible open set U in H*(l,... ,1). By the results of the 
previous section, the invariant CS(Mx, s$) determines a function C§ : U — >■ C, which is well- 
defined up to addition of \ni for n G Z. In this section we find expressions for the derivatives 
dCS and <9C§ of this function. 

5.1. Basic notations for variation. Each point u G U determines a compact marked 
Riemann surface X u together with a holomorphic 1-form $ u on X u . We fix a basepoint 
uq G U, and for simplicity we write X = X UQ and similarly below. We will always assume that 
X u is uniformized by a marked Schottky group, X u = T u \O u , where T u is a marked Schottky 
group with marked normalized generators {L\{u), . . . , L g (u)} and ordinary set Q u . The group 
F u simultaneously defines a marked Schottky hyperbolic 3-manifold M u := Mx u = T U \H 3 . 
For each u G U, we have a quasi-conformal mapping f u : f2 — > Q u . Define P£ : O u — )■ H 3 to 
be the map translating points along the integral curve cpt of Vg r u emanating from z G Vt u 
for e units of time, where g and r are defined as in subsection 12.21 Then we define a map 
f« : U <e<a 1 i 3e (^) -> # 3 by 

(5-1) f„|pe ( n) =P t u oi u o{P*)-\ 

(Here a\ = f, where a is defined as in subsection 12.21 ) This map extends to a diffeomorphism 
i u : H 3 -> i/ 3 , satisfying f u o 7 = 7^ o f u for all 7„ G T u . 

Corresponding to the family $ u and the given homotopy class of g — 1 curves in M u 
connecting the zeroes of <5 U , we take a smooth family of sections s u := s$ u : (M u \ C u ) U 
C u —7- F(M U ), constructed as in Theorem I4.1UI Here C 2 is taken to be isotopic to the given 
g — 1 curves, and C u = i u (C). We also denote by C u and s u the corresponding liftings 
C u C # 3 and s u : (H 3 \ C u ) U £ u -»• F(i/ 3 ) ^ PSL 2 (C). The family defines a map s : 
U x H 3 = {(u,x) \ u £ U,x £ (H 3 \£ U )U C u } -»• PSL 2 (C). We let if be the unique map 
if : [/ x s ((ii 3 \ £) U £) -> PSL 2 (C) satisfying 

K o (id, so) = s o (id, f), 

where s o (id, f)(u, x) '. — s u fu(^) for (u, x) G C/ x ii 3 . As observed in subsection the 
closure sq{H 3 \ C) of sq{H 3 \C) in PSL 2 (C) provides a natural compactification of so(H 3 \C), 
and if extends smoothly to U x (sq(H 3 \ £) U sq(-C)) (we also denote the extension by if). 
Note that the generators L r (u) of T u , r = 1, ... ,5, can be considered as giving holomorphic 
functions 

L r : 17 -> PSL 2 (C). 
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We let D be a fundamental domain for the action of T on H 3 , such that 9D C H 3 consists 
of 2g smooth surfaces D r , —L r (0)D r , for r = 1, . . . ,g (the negative sign indicates opposite 
orientation). Define D u := f u (D). Considering H 3 as {(t, x,y) 6 M 3 |i > 0}, define D and C r 
to be the intersection of the closure of D and D r respectively with the set t = 0. Then D is 
a fundamental domain of the action of T on f2, dD consists of smooth curves CV, — L r (0*jCi* , 
and we define L> u := f u (D). We denote D' := D \ C, and define A := sq(D'). As above, 
the closure A of A in PSZ^C) provides a natural compactification of A. Let T r := so(D r ) 
for r = 1, . . . , g. The boundary components of A consist of B° U B 1 U .B 2 as defined in the 
subsection 14.21 and U g r=l {T r — L r (0)T r ). We denote by D e and A the subsets of D and A 
respectively corresponding to M e . Define D e := Dn P e (D). The boundary components of 
A e consist of B°' e UB'u B 2 ' e and uf =1 (T r e - L r (0)T r £ ) where is diffeomorphic to B°, 
and B 2 ^ and U^ =1 (T r e - L r (0)T r e ) are subsets of B 2 and U^ =1 (T r - L r (0)T r ) respectively. The 
notations D^, A u , etc. denote the corresponding constructions for D u . 

Since we will always be working in a fixed fundamental domain D u , from now on, we will 
write C u = £,^UJC 2 l to mean the intersection £ u nD u . The boundary points of £„U£ 2 consist 
of finitely many matched pairs yj(u) and L r rj\(u)yj(u), j £ J, together with 2g — 2 points 
which are the zeros of the holomorphic 1-form We may assume that every curve in C\ 
has exactly two points yj(u), L r (j\(u)yj(u) in its boundary, and we assume the orientation of 
L\ given by the reference framing k\ is such that the component connecting L r u\{u)yj(u) to 
yj(u) is oriented towards yj(u). 

Under the canonical map from 7ig(l, . . . , 1) to & g , a holomorphic tangent vector w in T 1,0 U 
at uq maps to a holomorphic tangent vector in T 1,0 & g , which corresponds to a harmonic 
Beltrami differential fi G ^(fi, T). Then fi defines a quasi-conformal mapping f WfX : 
X — > X w for all w in some neighborhood W of the origin in C. There exists a holomorphic 
family {<&(w)}, where <3?(u>) is a holomorphic 1-form on X w , such that the derivative at no 
of the complex curve in U given by the family {(X w ,<&(w))} is w. (Here we are using the 
local isomorphism of Hg(l, ■ ■ ■ A) and Tig(l, . . . , 1).) In this way we obtain a complex curve 
u : W —> U, such that = w and J§ = (with w a local coordinate in W). 

For the curve u : W — >• U we define / : W x $7 — > C by f(w, z) = f u (w)( z ) = fw^(z) and 
f := W x H 3 — > H 3 by f(w,x) = f u r w )(x). We also define 



H = K o (u, id) : W x (s (# 3 \ £) U s (C)) -»• PSL 2 (C), 

and 

cj = s o (n, f) : W x -»• PSL 2 (C). 

5.2. Contributions of boundaries. For technical reasons we consider the holomorphic vari- 
ation of CS rather than CS. 

To derive a variation formula for CS, we start with the following equality: 

0= f H*dC= [ (d w + d A )H*C = d w [ H*C - [ H*C 
JA e J A' Ja c JdA e 

(5-2) /■/ /•/ 9 _ 

=dvi/ /_ ,ff*C - / H*C - V / fl"*C. 

Here the notation denotes the partial integral: we consider the integrand as a form on A 
taking values in forms on W, and integrate over {w} x A e , obtaining a 1-form on W. The 
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notation d = dyy + denotes the splitting of d on W x A in the obvious way. Note that 
we use the orientation from W x A; for this reason, we have dyy J^ 6 H*C = Ja' dwH*C, 
but when we apply Stokes' theorem, we have fa d&H*C = — H*C. We use a similar 
convention for partial integrals throughout this section. 

The next three lemmas deal with the partial integrals f Bl H*C, f' B2 , t H*C, and J^ 0iE H*C 
respectively. 

Lemma 5.1. Let u : W — )■ U be a complex curve as defined above, with w £ W . Then we 
have the following equality of 1- forms over W : 

[ H*c-^-d w f a *(e 1 + %e 2 3) = ~ J2 cr*(e 1 +ie 23 )\ y . 

Proof. Recall that the integral over B 1 is independent of e for small e > 0. As in the proof of 
Proposition 14.61 we have the diffeomorphism 

ijj : W x C 1 x S 1 — > W x B 1 

defined by 

ip(w,y,v) = {w} x H(w,-y 1 (e 1 (y),cos(v)e 2 (y) + sm(v)e 3 (y), - sin(w)e 2 (y) + cos(v)e 3 (y)) 

for w G W, y £ C 1 and v G S 1 . The notation H(w, denotes the inverse of H(w,-) 
restricted to its image. The orientation of C 1 x S 1 is given by (j|j> Jjj)- As in the proof 
of Propositions S3] and S21 we have (if>* H*9i){-^) = (^*-ff*6»ii)(|j) = (t = 1,2,3) and 
(ip*H*9 23 )(J^) = -1. It follows that 

^*h*c = -^rH*{d{e l a e 23 )) - -^rH*(e 23 A d9 23 ). 

Let q : W x C 1 x S* 1 — > W x /2 1 be the natural projection. Then 

4>*H*6 23 = -dv + gV*6> 23 . 

It follows that ifi*H*(0 23 A d8 23 ) = —dv A d(q*a*6 23 ). Prom the above orientation convention, 
by Stokes' theorem, we have 

/" rH*(d(6 1 A 6 23 )) 
(5.3) =tVw / ^*(SiAfe)--^/ V*fi*(0iA023) 

=-h dw L a * ei+ h H 



and 



2/eac 

/ rH*(6 23 Ad6 23 ) 

(5.4) = " ^ £ x5i A, A %V^ 23 ) = -1; £ d(^ 23 

If' 1 . 

= - / 0"*#23 + TT" ^ 0-*^23|j/- 

17 L yea/: 1 



TAU FUNCTION AND CHERN-SIMONS INVARIANT 23 

Combining (|5.3p and (|5.4p proves the lemma. □ 
Lemma 5.2. We have the following equality of 1-forms over W : 

lim( f H*C+^-d w f a *(e 1 +ie 23 ))=lim±- V a*(9 1 + i9 23 )\ y . 

Proof. We define the map H : W x B 2 ^ B 2 by H = A^ 1 o H o (id, ^4.) . As in the proof of 
Propositions |45] and SSI by gSl) and (14131) and denoting A~ l {B 2 ^) by B 2 ' e , 



1 

4^ 



/ H*C= [ (id, A)* H*C= [ iP*H*A*C 

rH*(d(e 1 a 23 )) + ii>*H*(e 2S a de 23 ) 

C'^xS 1 
1 3 

-— -J / ip*H*d( 22 Oj A (%-i^l 2 • (L4 3 + a j2 ^3 ■ d^i + <ty 3 Ai • dA 2 )) 

if - „ „ . . „ A 

-—j / itp*H*d(8 12 A cL4i • A 2 + i3 A dAi • A 3 + <9 23 A cL4 2 ■ ^4 3 ) 

/" V^TTr^- 1 ^) 3 ). 
4vH y £ 2, exS i 6 



By rH*(9i)(^) = 0, il>*H*{0ij){m) = °> = 0^ and = 0, all 

the integrals vanish except the integral of ip*H*d(8 23 A cL4 2 • A 3 ) for the terms on the last 
three lines of the above equalities. But we have the following equality: 



' ip*H*d{6 23 A dA 2 • i 3 ) 

C^xS 1 



4vr 2 



~d w f rH*(dA 2 -A 3 )-±- £ rH*(dA 2 -A 3 )\ y . 

The first term in the second line can be shown to give the variation with respect to w of the 
sum of the total rotation angles of ^4 2 around A\ along the components of C 2 ' € . But by our 
assumptions on the framing, A limits to the identity at the boundary dC 2 n D. Hence the 
limit of this term as e — > gives an integer, which is invariant under the deformation. The 
last term is since the contributions from boundary points in the interior of M cancel by 
an invariance under identification by the L r (u(w)), and at the remaining boundary points, 
ip*H*(dA 2 ■ A 3 )\ y — > as e — > 0. From these equalities, we have 

lim f H*C = lim - / V* H* (d(9 1 A 9 23 )) + i if H* {6 23 A dd 23 ) . 

Now, repeating the derivation in (|5.3p and (|5.4p and recalling that tp is an orientation reversing 
diffeomorphism in this case, completes the proof. □ 

Now we deal with the partial integral over B°' e . Recall that D e is the subset in D = D 
corresponding to X e . First we have 
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Lemma 5.3. We have the following equality of 1- forms on W : 
[ H*C= [ a*C 

1 f 

l(D*\C) 



4vr 2 



where d = dw + do over W x D e . Here xi an d X23 ar e defined by a*9\ = to 1 + xi an d 
0*622, = W23 + X23, where uj\\tw = W23I1W = and Xi\td* = X2z\td^ = 0. 

Note that to\, (O23, Xi an d X23 depend on w £ W. 
Proof By Proposition 14.21 it is easy to see 

o-*C = - — ^ ( d{u23 + X23) A (uji + iuj 2 3 + XI+ iX23) ) 

+ ( d{uJi + Xi) A (m + W23 + X1+ 1X23) ) • 

Now, note that doto\ = by Lemma [4^1 and that to\ vanishes on tangent vectors of (D e \C). 
Also note that 

= d W ^23 A UJi = / {d W l023) Aui- / w 23 A (d w ui), 

Jd c \c Jd c \c Jd c \c 

so f D £\£^23 A {dy/uji) = 0. Now, recalling that the orientation of D e is opposite to that of 
B°' e , the result follows from direct computation. □ 



5.3. Limit of contribution over B 0,e . Now we want to push the expression of Lemma 
down to the boundary DcCc dH ?J . This will be accomplished in Proposition 15.71 First we 
need to prove some preliminary results, which will also be useful later. 

By the uniformization of X by T, we identify X with r\fi. Then the hyperbolic metric gx 
of constant curvature — 1 on X (or the flat metric gx of area 1 in the case that X has genus 
1) gives a metric e^ z ^\dz\ 2 on Q, invariant under the action of T. The invariance implies that 

(5.5) 4>(z) = 0( 7 z)+log|7'(2)| 2 

for all z € O, and 7 6 T. 

Proposition 5.4. The set D € in H s is given by D e = { (t,x,y) £ H s \ t = i(e,x,y) }, where 
t is a function satisfying 

t(e,x,y) = ee 2 + k(e, x, y)e° , 
where k, k x and k y exist and are bounded on DUD. 

Proof. Let us recall that there is a unique defining function r over a collar neighborhood N 
of X in M such that the rescaled metric g := r 2 gM extends smoothly to M, its restriction 
to X is the hyperbolic metric gx and |dr|? = 1. Let us denote the lifted defining function 
over the inverse image of N in H 3 by the same notation r, and write r := ?. Then the 

three conditions on g imply that f extends smoothly to D U D, lim^o r(t,x,y) = e? , and 
ft = + fx + fy)f~ 1 t respectively. Since \f t \ < Ci for a uniform constant C, we have 
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|(f — e~z)t\ < Ct. Since f is smooth on DUD, this means |f — e 1 1 < Ct 2 for a uniform constant 
C, and therefore 

(5.6) r(t,x,y) = e 2 +a(t,x,y)t, 

where a is uniformly bounded. 

Similarly, since r t = on D, we have = on D. Again, since r is smooth, we obtain 

|(r — ) x \ < Ct 2 for some uniform constant C. This implies 

r x (t,x,y) = {e 2 ) x + a x (t,x,y)t 
where a x is uniformly bounded, and similarly for r y . This implies the claimed expression for 
t. Now, since A; = —ae~^f , and f is nowhere zero on D, the result follows. □ 



A holomorphic 1-form $ with only simple zeroes over X is given by h(z)dz over f2 with 
h{l z )j'( z ) = ^( z ) f° r 7 £ T. The phase function e %e ^ := h(z)/\h(z)\ is well defined over 
$7 \ U 7e r7-^ where Z := {z±, . . . ,£23-2} denotes the zero set of h(z) in a fixed fundamental 
domain D of 17 The transformation law of h{z) implies 

(5.7) ^) = »fl( 72 )+]og^ 

for 7 6 T. Note that is defined only up to an integer multiple of 2ir. By (|5.5p . (15. 7h . it 
follows that e^ z ^ 2+t9 ^ dz = 0J2 + i<^3 is invariant under the action of T; in particular, 

tc>2 = e^ ,//2 (cos 6>dx — sin 9dy), (J3 = e^/ 2 (sin #<ix + cos Ody) 

provides us with an orthonormal invariant co-frame (co>2,u;3) over f2\U 7e r7-^- Now we obtain 
an orthonormal framing 

= if 2, /3) where f 2 = u^, / 3 = W3 

over D' :=D\ Z. 

Near a zero z k G Z, /i(z) has an expression h(z) = (z — z k )h k (z) such that hk{z) is non- 
vanishing at z k . Now we put e tQk ^ ■= h k (z)/\h k (z)\. Since h k (z) is non- vanishing at z = z k , 
9k(zk) is well-defined only up to an integer multiple of 2ir. As in (|3,5p . we define 

& 2 = e^ /2 (cos(6 k /2)dx - sm(6 k /2)dy), 

u 3 = e* /2 (sm{6 k /2)dx + cos(9 k /2)dy) 

at z k G Z. Then the duals (/2, /s) of (0)2,^3) define an orthonormal framing at z k G Z. That 
this orthonormal framing is well-defined up to sign follows from the fact that h(~fz)^'(z) = h(z) 
and the from the following equality for 7 G T and z,z k G fi: 

(7Z - JZ k ) = (Z - Z k hz(z)^z(Zk)^ ■ 

Proposition 5.5. The one form 0J23 on D' extends smoothly to a form on D' U D' . We have 

limw 23 = l -[{(j)-2ie) z dz- (cp + 2i6) z dz) , 

where the convergence in the global coordinate on H 3 is uniform on D'UD'. 

Note that the extension of W23 to D' coincides with the connection form of the hyperbolic 
metric e^\dz\ 2 , with respect to our choice of orthonormal frame J-$. 
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Proof. By the Koszul formula, we have 

^23 = g{[e 2 ,e 3 ],e 2 )uj 2 + g([e 2 , e 3 ], e 3 )u; 3 

for an orthonormal frame (ei,e2,e 3 ) where ei is orthogonal to TD e . By the asymptotics of 
the boundary defining function r in (|5.6|) . we have 

e x = t{i+\t 2 {4>l + 0j))-3 + + + o(t 3 ), 

e 2 = a 22 e 2 + a 23 e 3 , e 3 = a 32 e 2 + a 33 e 3 

with 

e 2 = i(i + \t 2 <p 2 x )-^ (d x - lt<t> x d t ) + 0(t 3 ), e 2 = t(i + \t 2 ^)-\ (d y - \t<t> y d t ) + 0(t 3 ). 

Here and below, we use 0(t k ) to indicate a function of the form a(t, x, y)t k with respect to the 
global coordinate on H 3 , where a is uniformly bounded in D' U D 1 . To compute g([e 2 , e 3 ], e 2 ), 
<?([e2s e 3 ], e 3 ), we consider [e 2 ,e 3 ] first. By an elementary computation, 

[e 2 ,e 3 ] = (a 22 a 33 - a 23 a 32 )[e 2 , e 3 ] 

(5.9) + (a 22 e 2 (a 32 ) - a 32 e 2 (a 22 ) + a 23 e 3 (a 32 ) - a 33 e 3 (a 22 ) )e 2 

+ (a 22 e 2 (a 33 ) - a 32 e 2 (a 23 ) + a 23 e 3 (a 33 ) - a 33 e 3 (a 23 ) )e 3 . 

Using Proposition 15.41 we have 

[e 2 , e 3 ] = (|i 2 ^)^ - {\t 2 <j, x )d y + 0(i 3 ), 

from which we also have 

5([e 2 ,e 3 ],e 2 ) =a 22 (±%) + a 23 (-±^ x ) + 0(t 2 ) = ±t(cos0<^ + sin0(^) + 0(t 2 ), 

ff([e 2 ,e 3 ],e 3 ) =a 32 (|%) + a^{-\t4> x ) + 0(t 2 ) = ±t(sm6<j)y -cos 6<j) x ) + 0{t 2 ). 

Here we used the fact a 22 = a 33 = cos 9 + 0(t), a 23 = — a 32 = — sin# + 0(t). Denoting by E 
the sum of the terms in the second and third lines on the right hand side of (|5.9p . 

g(E,e 2 ) = - t(cos9 9 x - sin 60 y ) + 0(t 2 ), 
g (E, e 3 ) = - t(sin 6 9 X + cos 9 y ) + 0(i 2 ). 

Finally we need 

uj 2 = t~ 1 (cos Odx — s'm9dy + O(i)), w 3 = t~ 1 (sin0dx + cos Ody + O(t)). 
Combining all the proved equalities, we have 

^23 = ( g cos ^ + 2 s * n ® ~ cos ^ ^ + sm ^ 9 y )(cos 9 dx — sin dy) 



-sin0^ - ^ 
1 

This completes the proof. □ 



(- sin 9 4> y — — cos 9 (ft x — sin99 x — cos 9 9 y )(sin9 dx + cos 9 dy) + 0(t) 
d9 + ^{<j)ydx - (j) x dy) + 0{t). 



Now, we define c\ = Xl(^j) an d c 23 = X23(^y) 5 where xi anci X23 were defined in Lemma 
15. 3\ and u; is a local coordinate in W. We will write ' for the derivative with respect to w, 
for instance, <fi' = -^4>- 
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Proposition 5.6. The functions C\,C23 on W x D' extend smoothly to functions on W x 
(D'Ufl'). We have 

limci = -\<l>' o /, limc 23 = 9' f + i(t- M)zf', 
and £/te converqence in the qlobal coordinate on H 3 is uniform on D' U D'. We also have 

ta M .xi(A) = a.ita« ) 4(A) = is.. 

Proof. Observe that ci is given by 



(s o („, f))*^) = e^s^JL) + s*9 1 %u^) = Wl (f), 

where the second equality holds since s^u*-^ is vertical. Recall that the level surface D e is 

given by { (t, x, y) G iT | i = t(e, x, y) = ee 2 + 0(e ) }, and that the definition of f near 
the boundary given by (|5.ip involves translation along gradient curves for r. Since translation 
from D to D e introduces an error of 0(e 2 ), and since f z and f' z are bounded on D, we have 

f («;, (*, z)) = (l(r(t, z), f(z)) , /(*)) + 0(t 2 ). 

Here and below we understand 0(t 2 ) to be uniform as discussed in the previous proposition. 
Therefore we have 

f' = f'-§- z -(W°f + ^f'))m + o(t 2 ). 

The one form uj\ is the dual of the first component e\ of the orthonormal frame over the level 
surface D e so that 

Hence, we have 

wi(f) = i^/' - o / - i^/' + o(t) = -\<\>' o f + o(t), 

from which it follows 

(5.10) limc 1 = lim Wl (f') = -^ , o/. 
As above, C23 is given by 

(a o ( u , f))*M^) = M«*«*5e;) + s*0 23 (f*u^) = 023OO + W23(f )• 
Now, we have 623 = C* g _ x {—2{ih)*) and lim t ^ (£g)*s*w*(^) = -^O w (ih), where /i = 
(0-1) e sl2(C) and C g is the left translation by g G PSL2(C) (see Section 3 of [18]). 
Hence, 

(5.11) lim c 23 = lim (e 23 (s') + u 23 (f')) =#of + i&- iO) z f. 

The equalities (|5. lOj) and (|5.1ip complete the proof of the first two equalities. Replacing 
with Jp= in the computations above gives the last part of the statement. □ 

We denote by the same notations W23, c%, C23, the restriction to W x D' of the extensions 
of W23, ci, C23 respectively, obtained in Propositions 15.51 and 15.61 

Now let us introduce some additional notation. The local coordinate expression for the 
members of the family {$>(w)} can be identified with a map h : {(w, Q u ( w )) ■ w G W} — > C. We 
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define z k ■ W — > C to be the coordinates in £l u r w ) of the zeroes of $(w), that is, h(w, Zi c (w)) = 
for all w G W. Near each Zk(w), we define hk by 

(5.12) h(w, f(w, z)) = (f(w, z) - f(w, z k (w))) h k (w, f(w, z)) 
for all w G W. 

Proposition 5.7. The limit of the 1-form 

(5.13) lim f H*C 

over W is finite, and its (1,0) part equals 
1 [' 

(5.14) 4^ J { d D u 23^(ci+iC23)dw + UJ23A(d D (c 1 + iC23) Adw + id w uj 2 3)) 

where d = d\y + do = d w + d w + do over W x D. 
Proof. We have that 

lim f H*C = lim / H*C = lim / P*s*H*C. 

Propositions l5.5l and l5.6l and the definition of admissible singularity, show that s*H*C extends 
continuously to D' , and is uniformly bounded. Therefore we can exchange limit and integral 
in the last integral. Hence, the integral (|5.14p equals the (1,0) part of f|5. 13|) by Lemma l5\3l 
Propositions 15.51 and 15.61 Now we prove the integral (|5.14p is finite. By equation (|5.12p . near 
Zk G Z we have 

(c 1 +ic 23 )W=-i(((6-2iO)o/)'( z ) 

■ - i( (, - i„ g *, o / )-(,). 

— ■ Z w A' ^ 

Note that d^23 is a constant times the volume form and c\ + ic23 is singular at Z by the 
above equality, but its wedge product with the volume form is integrable. For the second 
term, we use the following formula, 

^d(ci + ic23) A dw + id w L023 

= "(^ f7z + </> c ~c ° ffzf'Wz ^dw-(^o ff- + 4g o /7-/')^ A dw 

where C, = f(z), which can be derived from Propositions 15.51 and 15.61 Although U23 is singular 
at Z, its wedge product with the expression above is integrable. This shows that the integral 
(|5.14p is finite, hence (1,0) part of (|5.13p is finite. Similarly, the (0, 1) part of (|5. 13[) is equal 
to the complex conjugate of (|5.14p and is therefore also finite. □ 

5.4. Holomorphic variation of CS. We begin this subsection with 
Proposition 5.8. Over W C C, we have 



d(u*C8)= f H*C-±- V a*(9 1 +ie 2 3)\ v 



yedC 2 r=l ' 
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Here the sums over dC l and dC 2 are taken with signs inherited from the orientations on C 1 
and C 2 . 

Proof. First, note that lim^o dw(u*CS e ) = d\y(u*CS) since the diverging term ^(1 — g) log e 
in Definition 14.81 vanishes under dw- By Proposition 15,71 the partial integral over B°' e in 
converges to a finite limit as e — > 0. By Lemma 15.21 and a similar analysis in the proof of 
Proposition 15.61 the right hand side of the equality in Lemma 5.2 also converges as e — > 0. 
Hence this is also true for the last terms in (|5.2j) given by the sum of the partial integrals over 
(T* — L r T r e ). Taking e — > on both sides of (15. 2j) . and using Lemmas 15 . 1 1 and 1 5 . 2 1 we have the 
result. □ 

The remainder of this section is devoted to finding an explicit expression for dCE>(w) in 
the case that w G r 1,0 C7 at no is a holomorphic tangent vector. The final result is given in 
Theorem 15.141 

Lemma 5.9. For the holomorphic curve u : W —> U , we have 

O-*(0l + iM w(0) " ^ + ^23)| Xr( . )W0))%(0) = -(L rU ) ° «)*(*! + i*23) 

where (£ r y) ° + ^23) is a (0, 1) -form on W for j E J . 

Proof. For brevity we write L r /j\(w) := L r ^(u(w)) and j/j := Uj(0). The map id h- )• 
cr(w,L r (j)(0)yj) = L r (j)(w)a(w,yj) is the composition of the maps 

W Lr(j)X<Tfe) > PSL 2 (C) x PSL 2 (C) ^ PSL 2 (C) 

where G denotes the multiplication map. Since 6\ + i6 2 3 is a bi-invariant 1-form on PSL 2 (C), 
we obtain G*{9\ + i9 23 ) = + i#23) + P 2 {6\ + ^23) where pi denotes the projection onto 
i-th factor PSL 2 (C). It follows that 

a(L r(j) (0)y j )*(6 1 +i6 23 ) = ((L r{j) o U ) a( Vj ))* (0i+i0 23 ) = (L r(i )O«)*(0i+^ 2 3)+a(y J )*(^+^ 23 ). 
Hence, 

+ ^ 23 )| yj - ^ + ^2 3 )L r(j)(0)% = -(A-w ° + i 23 ). 

Since u : W — > PSL 2 (C) is a holomorphic map, and 9\ + i9 23 is a (0, l)-form on 

PSL 2 (C) (see the section 3 of [E]), the statement follows. □ 

Lemma 5.10. The partial integral Y2r=i It -l t H*C is a (0, l)-form over W. 
Proof. For each w E W and x E D r , 

H(w, so(L r (0)x)) = s(u(w),f(w,L r (0)x)) 

= s(u(w), L r (w)f(w, x)) = L r (w)s(u(w),{(w,x)) = L r (w)H(w, sq(x)), 

where L r (w) := L r (u(w)). Hence H : W x L r T r — > PSL 2 (C) can be considered as the 
composition of the maps 

W x T r PSL 2 (£) x PSL 2 (C) ^ PSL 2 (C) 

where [L r x H)(w, sq(x)) = (L r (w), H(w, so(x))) and G denotes the multiplication map. 
The pull back of C by G is given by G*C = pfC + {G*C) 2 ^ + (G*^) 1 ' 2 + p* 2 C, where 
Pi : PSL 2 (C) x PSL 2 (C) — > PSL 2 (C), i = 1, 2, are the projections from the two factors, and 
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where superscripts on a form indicate the degree in the two factors. Taking the pull back of 
G*C by L r x H, we have 

(G(L r x H))*C = L* r C + (L r x H)*(G*C) 2,1 + (L r x H)*(G*C) l > 2 + H*C. 

Hence we have the following equality for the partial integrals: 

f H*C- f H*C = - [ (L r x H)* (G*C) 1,2 . 

JT r J L r T r JT r 

Since the map w G W H> L r (w) G PSL 2 (C) is holomorphic, the dw term in (L r xH)*(G*C) 1 ' 2 
vanishes under the above partial integration. Hence the 1-form on W obtained by the partial 
integration of J^ r _ L T r H*C does not involve dw, that is, it is of type (0, 1). □ 

From now on, ' will denote the derivative with respect to w at w = 0, for instance, 
<j) = ^| w _ <fi- By the results on varying the hyperbolic metric in pQ, we have, for all z E f2, 

(5.15) 4> + <l>zf + fz = 0- 

(The same is true for the flat metric of area 1 in the case that the genus of X is 1.) From 
this, we also have 

(5.16) <j) z + (j) zz f + (j) z f z + f zz = 0, <fiz + <t>zzf + <t>zfz + fzz = 0- 

Since 2i9 = log h — log h, 

(5.17) 2i9 z = ^, 2i9- z = -h, 9 ZZ = 0. 

h h 

Since $ is a holomorphic family, we also have 

(5.18) 6 g = 0. 

It will be convenient in what follows to make the definition ip := <j) — 2i9. 

Lemma 5.11. The following terms are invariant under the action ofT, 

-f z -(2i9J-(2i9) z f = ijj + ^ z f. 

Proof. The equality follows from <p + <j) z f + f z = 0. To see the invariance under the action of 
T, we note 

(0 - 2i9)(z) = (<f> - 2i0)-( 7 *) + (0 - 2i9) z ( 7 z)^(z), 
(<j>-2i9) z (z) = (<j>-2i9) z (jz) lz (z), 

which follow from (|5.5p and (|5.7p . Combining these and / o j = 7 + j z f completes the 
proof. □ 

From now on, for convenience, we abbreviate Zk(0) to z k , and z k (0) to z k . 

Proposition 5.12. For w G T 1,0 [7 at uq G [/, we /iai>e 

dCS(ro) = ^ ^ dw 2 3 A (ci + ic 23 ) + ^23 A (d(ci + ic 23 ) - ^23) 

J" + \^°&hk)+ ^ogh k )zf -{<fi- ^ogh k ) z f z z k )(z k ) 

where Z denotes the set of zeros of <I> in i/ie fundamental domain DofT and h k is defined 
by equation (j5. 12[) . 



4vr 2 

4~7T 
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Proof. By Proposition 15.81 and Lemma [5 .91 dCE>(zu) is equal to the evaluation of the one form 

I H*C + n(j)±- Ys( L r(j) + ^23) 

Jb n j€j 

on Here n(j) is the index of the singularity at the corresponding component of C, so 
n(j) = 1 or —1 if the points Uj(0), L r y\(0)yj(Q) are in dC 1 or dC 2 respectively. By Lemma 
]3] and Proposition 15.71 the evaluation of the first term on is given by 



dw 



4vr 2 



<^23 A (ci + ic 23 ) + ^23 A (d(ci + ic 23 ) - iw 23 ) ■ 



The second and fourth terms vanish on since they are (0, l)-forms by Lemmas [5i9] and 
15.101 Using Lemma 15.21 and following the proof of Proposition 15.61 we nn d that the third 
term evaluated on is given by 

y&{dC 2 f\D) 



h S »*(* + «»>l.)<s;) 

ye(dC 2 nD) 7 

^ {(<j>-iO') + (<l>-iO)zf + (<f>-i0) z fzik)(z k ) 
z k ez 

^ ( - fz - ^oghj - ^ogh k ) z f + (<t> - ^ogh k ) z f z z k )(z k ). 

z k ez 



Here the last equality follows from (|5.8p and (|5.15p . This completes the proof. □ 
Proposition 5.13. The following equality holds: 

dw 2 3 A (ci + ic 23 ) + w 23 A (d(ci + zc 23 ) - zw 23 ) 

i 

, ;> __ 2 Jim jf (<p zz - l -<\>\ - 28 2 - 2i6 zz )fx d 2 z 



1 

4^ 



j- ( 2 A + (log/ifc)'+(log^)^/ + (0-log/ifc) z / z ifc)(^), 



47T 



where D$ is a subset of D whose 5-open neighborhoods of Z are removed and d z = ^dz Adz. 

Note that, since circles are preserved under holomorphic change of coordinates, the limit 
as 5 — > is independent of the choice of local coordinates. 



Proof. By Proposition 15.61 

ci + ic 23 = - - ( t/> o / ) ' 
(5.19) \ 

= -^ + M- - 2i0j) = (id + iQ -J + - A) 
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where we used (|5.15p for the third equality. Prom (|5.19p . we can also derive 
(5.20) d{a + ic 23 ) = -- ( (ipz + 4>zzf + ipzf z )dz + (4 + ^zzf + ^zfz)dz). 



By Proposition 15.51 

(5.21) -i^23 = ^( (4>z + ipzzf + 4>zfz)dz + (-$ z - ijjzzf + ipzfz)dz). 
Again by Proposition 15.51 

du23 = —i(p zz dz Adz = —iip zz dz A dz. 
Combining this and ([5TT9]) . ([QO]) . (fOT]) . we get 

du 23 A (ci + ic 23 ) = -iif>zz{i0 + i0*/ + ^/ 2 )^ A dz, 

which is an invariant (1, l)-form under the action of T by Lemma 15.111 and 

% • i 

w 23 A (d(ci + c 23 ) - ^23) = --i>z{(t>z + <t>zzf)dz Adz = -ip z ((j) z fz + fzz)dz A dz 

where we used ()5. 16j) for the last equality. 
By the above equalities, 

duj 2 3 A (ci + ic 23 ) = -i [ ipzz(i0 + Wzf + r/«) dz A dz 

(5.22) =i I ip z (iOzfz + lfzz) dz Adz + i I ip z (i0 + i6 z f + -f z )dz 

Jd s 2 J 9Dg 2 

=« / tyziOz ~ T t ^zz)fz dz Adz + i \ ip z (i9 + i9 z f + -f z )dz + ~i> z f z dz 



>D S * JdD s 

where dD$ has the induced orientation from D$. In the integral over dD$, the contributions 
from C r and — L r (0)C r cancel, since the integrands concerned are invariant. We also have 



(5.23) 



o; 2 3 A {d(ci + c 23 ) - ico2s) = o / ^z{(t>zfz + As) ^ A 

4 / (^z<Pz - ipzz)fz dz Adz + l- I ipzhdz, 
1 JD S 1 JdDs 



where once again the contributions from C r and — L r (0)C r cancel in the integral over dD$. 
By H53S1) , (I5T22D and (1031) . 



(5.24) 



G^23 A ( C l + ic 23) + ^23 A (d(ci + ZC 23 ) ~ ^23 ) 

' {ipz'ipz -2i>zz)fz dz Adz -- / i/) z (ij)o f)'dz + i / i^zfzdz. 

D s 1 JdDs JdDs 



2 

For the last integral on the right hand side of (|5.24p . we have 



i [ ^zfz dz = -iS^ [ ( h (<f> - log /i fc ) z ) f z dz 

JdDs Zk eZ J \ z ~ z k\= & z ~ z k 

Y, I ^—f-zdz + 0(8) = 0(6). 

. ^rrJ\Z—Zk\=5 Z Z k 



(5.25) 

z k &Z 
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To analyze the second integral on the right hand side of (|5.24p . we use (|5.12p . This implies 
that, near z k € Z , we have 

(5.26) ( (0 - 2i9) o f)\z) = _ fl*)-/(*fc)~/«(*fc) i fc + ( (0 _ b g % k) a /)•(,). 

Z Z k 

Therefore, we can rewrite the second integral of (|5.24p as 
1 JdD s 

-|E(/ , + { * - "***>•> ( - /<a) " R fl Uzk)i " > A 

+ / ( — + (0- log &*)*)( (0- log h k )o f)\z) )dz) 

J\z-z h \=8 z-z k J 

= ~ 7T ^2 {fz( z k) + {<P~ \ogh k ) z (z k )f z (z k )z k - {((f) - \ogh k ) o f)\z k )) + 0(5) 

z k &Z 

= -ttJ2{Vz + (log ~h k ) + (log h k )zf + (0 - log h)zfzZk ) (**) + <W 

Combining this with (|5.24|) and (|5.25|) . we conclude 

lim / duj 2 3 A (ci + ic 23 ) + u; 23 A (d(ci + ^23) - W23) 

= lim / - 2<£ Z2 + A6 2 z + Ai6 zz )f- Z d 2 z 
Jd 6 

~ 71 + (l°g^fc)'+ (togh k ) z f + {4>- log h k ) z f z z k )(z k ). 

z k ez 

Recalling that f z = jJL completes the proof. □ 
Note that we have the formulas 

S( J' 1 ) = <j> zz - \<f>l S{H) = ^±-^ = 26 2 z + 2i6 zz 

where 5 denotes the Schwarzian derivative, J : H 2 — > O is the universal covering map of f2, 
(or J : C — > $7 in the case of genus 1), and /i$ is a multi- valued function such that dh$ = <£. 
By these formulas and Propositions 15.121 and 15.131 we have the following theorem. 

Theorem 5.14. For w £ T 1,0 U at uq £ U, and the corresponding fj, £ ~H ' (O., T), 

dCS(m) = - lim f (5(J^ X ) - S{h q> ))^d 2 z 
2tt z s^oJ d 



I . 3 _ 3 _ . 1 

T~ ( 3 ^ 2 + 2^ log ^ fc )' + 2^° g ^ z f ~ 2( l °gh k ) z f z z k )(z k ) 

z k ez 
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Corollary 5.15. For w G T l, ®U at uq G U, and the corresponding \i G H 1 ' 1 (0,r) J 
d CS(w) = — 7T lim / S(h$>)ud 2 z 



% 

8^ 



X] ( 3 A + 2( lo S^)'+ 2^ &hk)zf ~ ^ogh k ) z f z z k )(z k ). 

z k ez 

Proof. This follows from directly from Theorem 15.141 since we have 

CS(M X , a*) = -rW(M) + 2iCS(M x , a*), 
and, by [13], [21], it is known that 5W = _ = -|5(J _1 ). □ 
6. Regularized Polyakov integral over X 

In this section, we introduce an regularized integral defined in terms of the metric gx and 
the holomorphic 1-form $ over X. We assume that gx is the hyperbolic metric if the genus 
of X is greater than 1, and the flat metric of area 1 if the genus equals 1. We assume that <3? 
has only simple zeroes and we denote by Z its zero set. 

Now we define 

(61) M h *"* ' 

- 71 " X] (0 — log |^fc|)(^fc)- 

Here z, in the integral around p k , represents a local coordinate near pj., with = z{pk). 
The set X,j denotes the complement of <5-open discs \z — Zk\ < 8 centered at each z k G Z in 
X, and Ss(zk) denotes a part of dX$ which is the <5-circle centered at z k with the induced 
orientation from X$. Note that each of the terms in (|6.ip are independent of the choice of 
local coordinates, by the transformation laws given in subsection 13.21 Note also that, since 
circles are preserved under change of coordinates, the limit as 8 — > is independent of the 
choice of local coordinates. Hence I is a well-defined function on H g (l, ... ,1). 

Suppose that w is a tangent vector at no G V. g (l, . . . , 1), and that U is a neighborhood of 
uq. We define a corresponding curve u : W — > U, for W C C, and a corresponding deformation 
map f(w, ■) : X — > X w for each w G W, in the same way as in subsection 15.11 We also define 
the local coordinate expressions h, h k and Zk in the same way as the discussion before the 
equation (|5.12[) . except that here we do not assume a global uniformization coordinate, only 
local coordinates near the zeroes of <J>. For convenience we abbreviate Zfc(O) to 2%, and ife(O) 
to z k . 

Theorem 6.1. For w G T 1,0 7-L g (l, . . . , 1) at the point (X,$>) and the corresponding \i G 

u-^\x), 

dl(tn) = 2 lim f (<f> zz - \<g - 29 2 z - 2i9 zz )^d 2 z 
Jx s 1 

3 3 _ . y 

Pk&Z 

Here 4> zz — ^4> z — 29 z — 2i9 zz is a meromorphic quadratic differential over X . 
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Proof. The domain X W) g is given by deleting the <5-discs centered at the f(w,z k (w)) for 
z k G Z. Its boundaries are given by the circles Ss(f(w,z k (w))). Now we consider the pre- 
image domain, denoted by the same notation, of X w $ by f w in X which has boundaries 
denoted by B&(z k (w)). Let us take 5o such that the (5o-disc centered at z k contains B$(z k (w)) 
for each z k £ Z, and take w in an open neighborhood W of the origin in C. Then X Wt s in X 
decomposes into X$ U A$ 0t s- Here A$ 0j $ = U Zk t=zAs 0! s(z k ) where the region As 0j s(z k ) has two 
boundaries S$ (z k ) and Bs(z k (w)). 

For the integral \ip z \ 2 d 2 z over A$ 0j s, we have 



L 



\^z\ 2 d 2 z 



(</> - log/i*^ z d z z- / — — dfz- / — — _ dfz 

As oM , k) Ja s ,s^) Z ~ Z ^ W ) JAsoA**) z ~ z ^ w ) 



L 



log~h k ) z \ 2 d 2 z+ l -[ { t = l0g ^ } dz-U ( * " 2] °f^ d . 



Hence, 



2 p 7^z JB s (z k (w)) * ~ Zk{w) 



z-z k {w) " 2J aAsos{zk) z-z k {w) 



2\og\h\) 



(6.2) =/ \^ z \ 2 d 2 z+f U-\ogh k ) z \ 2 d 2 z+ l - [ ^ l ° g ^ dz 

+ 1W ^- 21 °f'^di 



2 



5 5o (z fc ) z - z k {w) 



where Bs(z k (w)) and Sg (z k ) have the orientation induced from A$ ^(z k ) and X,j respectively. 

Now, we consider the holomorphic variation of each of the terms on the right hand side of 
()6.2p . First, we deal with the term Ig = J x ^ \ipz\ 2 d 2 z. For this, observe that 

SfM^zdz) = (ip z + ipzzf)dz + ipzifzdz + fzdz), 

$n(i>zdz) = (ipz + tpzzf)dz = (4>z + (pzzf)dz. 

Here, 5^ denotes the Lie derivative. See Section 2.3 of |15| for details. Combining these facts 
with (|5.16p and Lemma |5. Ill we have 

dI So (m) = - ~ / ifj z (<t>zfz + fzz) dz A dz 
' x s 



2 

(6.3) 

Mfzz + (2*0);+ {{2ie) z f) z ) dzAdz. 

'x 5q 

Let us denote the two terms on the right hand side of fl6.3|) by (dls (ro))i fori = 1,2. Recalling 
that ipzfzdz is an invariant (0, l)-form, we have 

(dI So (w))i = -|( / ipz4>zfz dz Adz - I tpzzfz dz A dz + j ip z f s dz ) 
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where dX$ has the induced orientation from Xg . For (dls (w))2, by Lemma [5.111 and (|5.17|) . 



(dI So (xu)) 2 = \{ Mf* + (2*5) '+ (2i0),/) cfe A dz 



"ii 



Mfz + (HOY + (2i6) z f) dz) 

dX Sl , 



Mzg + (2W)zfs )dzAdz 



+ / (/, + (2*0) ■ + (2i0),/) (^tfa + $ g dz) ) . 



Dealing with the term ip z f zz as before, 



(dls (m)) 2 = - % -( / ii z (2i0) z fz dz Adz- / V^/s ^ A dz 
1 ' 7 **o 



$,/* dS + / (/ z + (2t0)'+ (2i0)*/) (^de + ^dl) ). 



Combining computations for (9/,5 (tu))i and (<9/<5 (ct))2, we get 



dls (w) = --( / il> z ipzfz dz Adz -2 I ip zz f z dz Adz 

(6.4) 



X« ^S„ 



+ 2 / V, A ^ + / (A + (2*0) ' + (2*0)*/) (*P z dz + $gdg) ) . 
JdX So JdXs 

Now let us deal with the integrals over dX$ Q . First, by (|5.25p we have 



(6.5) / i> z f- z dz= (<f>- 2i9) z f- z dz = 0(Sq). 

JdX So JdXs 

For the other boundary integral given in the last line of (|6.4p . using (|5.26p . near p k S Z we 
have 

- (f z + (2i9) ■ + (2i9)J) ((</> - 2i9) z dz + (<p + 2i9)- z dz) 
= ( ((/) - 2i9) o /)'((</> - 2i0)*cte + (0 + 2i6») s dz) 

/ /(g) ~ /(*fc) ~ fz{z k )z k ~ » 

= ( 1- ((0 - log/ife) o /) ) 

Z Zj. 

1 ~ 1 = 

• (( V {4>- \ogh k ) z )dz + (-— — + (4> ~ \ogh k ) z )dz). 

z z k z z k 
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Using this and some computation as before, we obtain 

(fz + (2i0)'+ (2i9)J) ((</> - 2i9) z dz + (<p + 2i9)- z dz) 

= --Y ( [ ( - f{2) ~ f{Zk) ~ fz{Zk)ik ) ( - -^dz - - J-cfe) 

2 p ^ V y|*-* fc |=«b Z ~ Z h Z ~ Z k Z-Z k ' 

( 6 - 6 ) , f fi Z ) ~ f{ Z k) ~ fz{z k )z k , , 7 s , . , , , 7 \ j— \ 

+ ( lo g hkjzdz + ((f>- log /ifcjgdz ) 



<9^ 



z- z k 

+ (fa- log fe*)o /)■(*)( -_!_cte-^_cfe)) + O(J ) 



= vr (0 — ^ogh k ) z (z k )f z (z k )z k + O(<5 ). 
By dSa]), (J63D and Q, 



(6.7) V ' ,V - 



|V> 2 | 2 d 2 z)(ro) 



= / (2</> 22 - 4>l ~ Ml - Ai6 zz )f z d 2 z + vr (0 ~ ^gh k ) z {z k )f z {z k )z k + O(5 ). 
JXs o Pk ez 

The holomorphic variation of the second term J Ag s \{4 > ~ l°g h k ) z \ 2 d 2 z on the right hand 

side of (|6.2p can be analyzed as above, but the integrand \(4> — \ogh k ) z \ 2 is regular over A$ 0i $ 
for any 5 > 0. Hence, we can see that 

(6.8) dflimf \{<t>-\og~h k ) z \ 2 d 2 z){w) = 0{5o). 

The limit of the third term on the right hand side of (16.21) as 5 — > is given by 

( 6 - 9 ) Y) t; [ — — ^ dz + Tr(cf) w - log h kw )(f(w, z k (w))) 

/-t 2 J\ z _ z .* z-z k (w) 



Pk ez 



where 4> w , h kw denote (local) functions over X w . For the holomorphic variation of the first 
term in (|6,9p . we have 

d[U ^- l0g ~ hk) dz)(u> 



2J\ Z - Zk \=5 z-z k (w) 
i f f(z)-f(z k )-f z (z k )z' ki 
z-z k \=S 



, , vr - log h k )dz 

2 J\z-z k \=s (z - z k ) 2 



+ <P + 4>zf ^ + log h k + y_ 

z - z fe z - z k 



= -7r(<j) + <fr z f + cp z f z z k )(z k ) + O(<5 ). 
For the second term in (16.91). we have 



d(n((f> w -logh kjW )(f(w,z k (w)))j(w) = tt(0 + 4> z j + 4> z f z z k )(z k ). 
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Hence, 

(6.10) dfhmU i<p - l ° g / h) dz)^) = O(5 ). 

K ' \5^o2j dAsoS z-z k (w) ) y ' yQ> 

In a similar way, we can show the following equality for the fourth term on the right hand 
side of flggj) , 

(6 . n) [ \Uk^ z-ZkH 

=tt ^(/ z -(0-log%)--(0-log^) z /)(^) + O(<5 o ). 

Pk&Z 

Combining the equalities f|6.7|) , (|6.8p , (|6.10p , and (|6.1ip , we have 

afhm( / |^| 2 d 2 z + * V / (0-21og|/ t |)(,) x 

(6.12) = lim / (2^ - ^ - 40 2 _ 4i0 M )/e d 2 z 

+ * y~) U* ~ ~ iog^-fc)'- (</> - loghk) z f + {<P~ logh k ) z f z z k )(z k ). 

Pk&Z 

Finally combining (|6.2p . (|6.12p and the following equality 

d( - it ^ (0 - log \h k \){z k ) \ (zu) 
p k ez 

1 ~ 1 

= - 7T Yl {(4> - ^ogh k y + (4> - - \ogh k ) z (f + f z z k )){z k ) 



completes the proof. 



□ 



7. HOLOMORPHIC VARIATION OF T B 
In this section, we prove the following theorem. 

Theorem 7.1. For w £ T 1,0 % 9 (1, . . . , 1) ot a point corresponding to a marked Riemann 
surface X and a holomorphic 1-form <3? on X, and the corresponding fi G / H^ 1 ' 1 (X), we have 

d\ogT B A {vo) =-lim / (R B - FU)nd 2 z 

(7-1) . . . 

+ Z> (6/« + 3(log %) + 3(log/i fc ) z / - (log/i fc ) 2 /^z fc )(z fc ). 

Proof. By the chain rule, first we have 

v-^ / <9 log r s dA; d\ogT B dBi d\ogT B dZ k \ 



l<«<g,2<fc<2g-2 
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where Bi, are the coordinates on Ti g (l, ■ ■ ■ ,1) given in equation (|2.2|) . The holomorphic 
variation of the coordinates A4 is given by 



: f (h + hj + hf z )d Z + hf z dz, 
J a, 



and similar equalities hold for B{, Z^. Combining these and the defining equations of tb in 
d log r| 4 (ro) 

=-(-E / 7 ^ (fa • ( / (h + h z f + hf z )dz + hf- z dz) 
(7 ' 2) + E / 7 ^ & • ( / (h + h z f + hf z )dz + hf z dz) 



8=1 Ja i 
25-2 



+ E / h — dz • ( / "(h + hj + hf z )dz + hf- z dz 

k=l A z ~ z k\=& J*l 

On the other hand, for the integral on the right hand side of (|7.ip we have 
4 



- f (R B - R<$>)iJLd 2 z 
2i f (R B - #0) 



[ {RB , R0) dz A ( (ft + hj + hf z ) dz + {hf)- z dz ) 

= -^£ d(f\h + h z f + hf z )dz + (hf) z d-z- dz y 

Here (/i + ft 2 / + hf z ) dz + (hf) z dz is a globally well-defined 1-form so that its line integral 
defines a well-defined function. As in the proof of the Riemann's bilinear relation to the last 
line in the above equalities, we have 



(7.3) g 



- / (R B - R<s>) lid 2 z 
n Jx s 

-("I]/ T ^ dz • ( / {h + hj + hf z )dz + hf- z dz) 
* v 7-1 Jh h J ai 



+ E/ u — dz ■ ( / (h + h z f + hf z )dz + hf- z dz) 

i= l ft Jbi 

+ E / ( f\h + hJ + hf z )dz + hhdz)^-=-^dz). 



Near z^ £ Z where we have &(z) = (z — Zk)hkdz, has the following expression 
R<s> , s _ 3 1 1 1 fj hzzjzk) _ h 2 z (z k ) \ 1 

ft^ j " 2^( Zfc )(z-^ fc )3 2^2 (zfc) ( z _ Zfc )2 V ~ h 3^) z - Zk 
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where h = h k . Now comparing (|7.2p with (|7.3|) . in order to complete the proof, it is sufficient 
to show that 



lim- V / ( [\h + h z f + hf z )dz + hf- z dz)A s dz 

= {®fz + 3(logh k )' + 3(logh k ) z f - (logh k ) z f z z k )(z k ) 

Pk&Z 

where (^) s := ( - % h ( Zk) (z-z k )» + 5 fofoj (*-»»)* ) with ^ = near Zfc " B ^ some elementary 
computations, we have 

/ ( [ Z (h + h z f + hf z )dz + hf- z dz) 7 1 —^dz 

J\z-z k \=S Jzi ( z ~ z kY 

= 27Ti(h + h z f + hf z )(z k ) + 0(5) = -2m(h k f z )(z k )z k + 0(5), 



L 



f z ■ ■ 1 

I {h + h z f + hf g ) dz + hfz dz ) — — — ^ dz 

J zi \ z z k) 



\z-z k \=S J z\ 

= m(h z + h zz f + 2h z f z + hj zz )(z k ) + 0(5) = m(2f z h k + h k + h kz (f - f z z k ))(z k ) + 0(5). 
The equality (|7.4p follows from these and this completes the proof. □ 

8. Proof of Theorem 11.11 for ti 9 (l, ■■■,!) 

In this section we collect the formulae proved in the previous sections to prove Theorem 
11.11 for H g (l, . . . , 1). For this, first we recall a property of the Schwarzian derivative: 

(8.1) S(hi o h 2 ) = S(ht) o h 2 (h' 2 ) 2 + S(h 2 ). 

Let 7Tp : H 2 — > X and tts '■ — > X denote the Fuchsian and Schottky uniformization maps 
respectively. Then the universal covering map J : H 2 — > satisfies tvf = tts ° J- (In 
case 3 = 1, replace H 2 with C.) Applying this to the composition of multi-valued functions 
J -1 = TTp 1 o its, we obtain 

5(J- X ) = ^(vr- 1 ) o ns^'s) 2 - S(n s 1 ) o ^) 2 . 

Similarly applying (|8.ip to the composition of multi-valued functions /i$ = (J <E>) o 7T5 for a 
local coordinate z over X, we obtain 

= S( f Z <&) o ^(vr^) 2 - ^ttJ 1 ) o ^s(^s) 2 - 

Let us recall that cS^^ 1 ), tS^^ 1 ), S(J Z 3>) define the projective connections Rf, Rs> R$ over 
X respectively. 

Given a point uo £ U C 7ig(l, . . . , 1), with U a contractible open set, and a tangent vector 
w G T 1,0 U at no, we have a corresponding G 'H^ 1 ' 1 (X), family of deformations f WIM and 
holomorphic family of holomorphic 1-forms <&(w). For this family, by Theorem 15.141 and 
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Corollary 15.151 we have 



i2 z 



d(47rCS)(ro) = - - lim f ((R F - Rs) ~ (#4 - Rs)) H d 2 
. 3 _ 3 „ . \ 

Pkez 



<9(47rCS)(ro) = - - lim f ((R F - Rs) + - Rs)) ^d 

(8.3) 



2 z 



3„ r s. 3„ ~ x • 1 



+ + 2( log ^ fc )' + 2^° g ^ z ^ ~ 2~( l °ghk)zfzZk){zk)- 

Pk&Z 

By Theorem 16.11 we also have 

d(-I)(zu) = -lim [ (R F - R&) fid 2 z 
(8-4) 3 3 - • 1 - 

where we have lifted the function I from H g (l, ■ ■ ■ , 1) to U C ^(1, . . . , 1). From (I8.2j) and 
(18.41) . it follows that exp(4vrCS + 1 J) is a holomorphic function over U. It is known that 



(8.5) d(logF 24 )(m) = <9(logF 24 )(/i) = - I {R B - R s )^d 2 z 

v Jx 

from [15], |19| . Here we also have lifted the function F from T 9 to U C . . . , 1). 

Combining (j8.3[) . (|8.4p . and (j8.5j) . the holomorphic variation of the holomorphic function 
exp(47rCS+ i/) F 24 is given by 

d log ( exp(4vrCS + —I) F 24 ) (w) 

IT 

(8.6) = ^] il ?o/ ( R B ~ R<s>) fJ-d 2 z 

+ ( 6 A + 3 ( lo g%)' + 3(log/i fc ) z /- (log^fe) z / 2 ijfe)(^jfc). 

Pk€Z 

By Theorem l7.1l and equation (|8.6p . the two functions r^ 4 (lifted to U) and exp(4-7rC§+ ^i^F 24 
have the same holomorphic variation for any holomorphic tangent vector w. Consequently, the 
liftings of t^ 4 and exp(47rCS + ^I)F 2A to any connected component of Hg(l, . . . , 1) are equal 
up to a multiplicative constant. But the holomorphic function t]| 4 descends to H g (l, . . . , 1), 
hence the holomorphic function exp(4-7rCS + -I)F 2i descends too. This proves Theorem 11.11 
The constant c appearing in the theorem depends on our choice of a connected component of 
H* g (l,...,l). 

9. Proof of Theorem 11.11 for H 9l n(h ••-,!) 

A point in H g ^ n {\, . . . , 1) corresponds to an equivalence class of a compact Riemann surface 
X of genus g, together with a meromorphic function A : X — > CP 1 . The differential dX is 
meromorphic, with m simple zeros at the ramification points pi, ■ ■ .p m £ X of A, and with n 
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double poles at the preimages of infinity qi, ■ ■ ■ ,q n - It has residue at each pole. The proof 
of Theorem 11.11 given above applies, with dX playing the role of with some modifications 
due to the poles of dX. We outline these modifications in this section. Note that we will carry 
over all definitions and notations from before, with any changes being noted below. 



9.1. Construction of framing. Recall that Z is the zero set of dX on X; denote also by P 
the set of poles of dX on X. The framing on X \(ZL) P) is constructed from dX as before; it 
will now have a singularity of index 2 at each point in P. Let Zj a denote the co-ordinate of a 
pole of dX in a patch U a . Then h a = (z a — Zj a )~ 2 hj a , where hj a is holomorphic and non-zero 
on U a . Note that 

(9.1) (log h j a ) z (z a (q j)) =0 for qj G P. 

As before, we define 9 by e lda := h a /\h a \. We now define the co- framing (0)2, 0)3) and framing 
{h-,h) a s before, but by means of e^ a ~^ a dz a rather than e \^ +%e ^ *dz a . 

For each point qj £ P, the admissible extension of the framing on X will have an additional 
singular curve with both endpoints at qj. We denote the set of these curves by C 2 P . (Note that 
in this notation, C 2 and C 2 P are disjoint.) We require the reference framing k on each compo- 
nent of this curve to satisfy r~ l n — > (f%, fz) at the outgoing endpoint, and r~ l K — > (fy, —/a) 
at the incoming endpoint, as r — > (identifying framings on dM and X as in subsection 
13. 3p . The proof of the existence of admissible extensions (Theorem 13. 3p must be modified as 
follows: for the singular curve with endpoints at a pole qj, choose a small neighborhood of its 
intersection with the level surface X ai . Take the subset of -/Vjo i(11 ) consisting of all geodesies 
connecting points of this neighborhood to qj. The framing on ^Vr 0jai ) will be defined by par- 
allel translation outside of this neighborhood, as before. Inside the neighborhood, we pick 
any framing which matches smoothly on the boundary, which has e% orthogonal to the level 
surface, and which has an index 1 singularity at each of the two components of the singular 
curve. The framing is then extended to the rest of M as before. The resulting framing is an 
admissible extension of the boundary framing given by dX. 



9.2. Variation of the invariant CS. The fact that the singularity of the framing around 
£p is index 1 means that the corresponding boundary contributions computed in Section [4] 
appear with opposite sign to those from the components of C 2 with endpoints at the zeroes 
of dX. Since the contribution from C 2 P in the definition 14.21 also appears with opposite sign, 
the results of Section H] hold without change. 

In the remaining sections, we have the following changes. We have the following new 
contribution from Cp in Proposition 15. 8\ 

yeacj, 
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which leads to the new contribution in Proposition 15.12] 
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- — V (T*(01 +1023)1 Vt?-) 

ye(dC 2 p C\D) / 

(9.2) = - ^ X) ( ^ + 2 ^') + ^ + 2 ^)^ + fa + 2 ^M' )(**) 



= - g- X ( ~ + ( log M + ) ( z i) 

where we used equation (|9,ip . We also have the following new contribution from the set P in 
Proposition 15.131 



i 

8^2 



lim V / (</>-2iO)M<l>-2iO)ofydz 
^J\z- Zj \=5 



=^limV( / (J- + (0-]og^)(2MzMzAWS) ( b 
(9.3) +/ (_?_ + (0_iog^)*)((0-Iog^)o/)^))d2 

J|^-^|=5 ^ - z 3 

= ~ ^ X ( 4 ^i) " 2 fa " to g%M*i)/*(**)*f + 2 (fa " lQ g^') 
= ~ 2vr X ( ^ ~ ( log hj) ~ (t>zfzZj ) (^-)- 



Since the right sides of (j9.2|) and ()9.3[) cancel each other, Theorem 15. 141 holds without modi- 
fication. 

For I(X,dX), we have to modify its definition by adding terms from the set P: 



I(X,d\) = lim ( [ \il> z \ 2 d 2 z 

JXfi 



i * y (0-210^) E y (*-2iog|/»|)(z) 

-it J2( ( t > - l ^\~ h k\)(zk) + 2TrJ2(<P + ^og\h J \)(z J ). 

Pk ez qj eP 



Here z, in the integral around pk and qj, represents a local coordinate near pj~, qj with 
z k = z(pk), zj = z{qj). The holomorphic variation formula of this / can be computed as in 
the proof of Theorem 16.11 with some new contributions from the set P. First, we have the 
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following new contribution in (|6.6p . 

-|e({ l /( /w " y l ,,) ; /,Wf, )( r 4:-fa+ F V') 



(9.5) 



+ 2 



+ 2 ((0 - log o /)'(*) ( — *— <fe + — ^ds) ) + O(5o) 



= -27rY,(^fz)(z J )z j + O(5 ). 
Secondly, we have the following new contribution to (|6.1ip . 

(9.6) f (0 - 2 tog \h\) d -\ [w) = 27r j2^ z _ (i og ~ hj )-)( Zj ) + O(S ). 

V 9j eP Js *M Z ~ Zj ' w qj eP 
For the holomorphic variation of the last term in I(X, dX), we have 



(9.7) S^2tt ^(^ + 2bg|^|)(j8 i )J(w) = 27r^(-A + (log^0" + ^/*ii)(i 

qj eP q 3 eP 



Hence, the new contributions from (|9.5p . (|9.6p . and (|9.7p cancel each other, and Theorem 16. II 
holds without modification. 

The holomorphic variation of log t^ 4 is given by the same formula as in Theorem IT. 11 The 
same proof as in Theorem 17.11 also works for this case since the holomorphic variations of 
j a , dX and J b dX vanish. The only possible difference in the proof is the contributions of 

residues of at qj £ P in (|7.2|) and (|7.3p . But one can see that this is regular at qj G P 
and there is no contribution from the set P. 

Finally, in Section [HJ we showed that Theorem 11.11 follows from Theorems 15.141 16. 1\ and 
17.11 Since these Theorems still hold in this case, Theorem 11.11 follows in this case as well. 
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